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Abstract

Spherical gear couplings are commonly used mechanical components to transmit power between highly mis-
aligned rotating shafts. For that, gear couplings are manufactured with high longitudinal crowning and are usually
small due to space restrictions, with the probability to contain undercutting sections. High misalignment angles cause
the number of teeth in contact to decrease drastically, resulting in the failure of the component by tooth root fatigue
breakage.

This paper investigates the load distribution and the tooth root stress of highly crowned spherical gear couplings
working at high misalignment angles using a finite element model. Moreover, a deep understanding of the bending
tooth root stresses in terms of the operating conditions is presented, which is novel for such high misalignment an-
gles (γ ≥ 3◦). Results show that different mechanical behaviors are observed at low or high misalignment angles since
teeth in the pivoting position lose contact. This results in a tooth root stress history change from a sinusoidal cycle to
a pulsating cycle. Finally, this study shows evidence that current sizing methods are not suitable, and underlines the
need for further research to determine the spherical gear coupling life to tooth root bending fatigue.
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Nomenclature

A coefficient to comprise the variables related to the geometry in tooth root stress
b face width of the gear coupling
beff effective face width of the gear coupling
C number of teeth in contact
Ceff number of effective teeth in contact
dp pitch diameter of the gear coupling
e thickness of the tooth surface with smaller mesh elements
FCN total contact normal force
jn normal clearance
K coefficient to comprise the rest of the coefficients affecting tooth root stress
kF overload coefficient
kls load sharing factor
km load distribution factor
LDzi load distribution in each tooth zi

mn normal module
nzi total contact nodes in each tooth zi

rc crowning radius of the hub
Y lewis factor
z total number of teeth in the gear coupling
α pressure angle
Γ applied torque
γ misalignment angle
δmax maximum displacement of the contact point from the reference section along the face width
θi angular position of the hub
σ tooth root bending stress

1. Introduction

Spherical gear couplings are mechanical components used to transmit power between misaligned shafts. They are
preferred over other non-splined connections, due to their high power density and capacity to accommodate angular
misalignments [1, 2]. For example, they are used in sheet metal rolling mills [3, 4, 5], where high misalignment
angles (≫ 3◦) are required due to the reduced space between rollers.

They are composed of a highly crowned toothed hub (external part) and a commonly straight sleeve (internal
part) [6, 7], both of which have the same number of teeth. For the generation of highly crowned surfaces of the hub, it
is necessary to consider the threaded surface of the generating hob and the kinematics of the hobbing process. Indeed,
it is likely that undercutting sections appear, as previously shown by the authors in [8].

The most common use of gear couplings is in applications where slight misalignment occurs. Damage occurring as
a result of surface wear [9, 10, 11, 12] caused by improper lubrication represents 75% of all gear coupling failures [13,
14]. Low misalignment angles decrease the longitudinal sliding between the hub and the sleeve, which leads to fretting
damage on the surface [15, 16, 17]. The next most common failure stems from misalignment (20%), which leads to
tooth root breakage failure [18]. Moreover, this latter is significantly increased in highly crowned spherical gear
couplings, as undercutting sections are more frequent [5, 8].

Works in the literature have shown the relationship between the design parameters and the misalignment an-
gle [19]. Indeed, they have shown that an adequate selection of the number of teeth, the pressure angle, and the
crowning ratio, among others, can produce a spherical gear coupling design that can achieve misalignment angles
greater than 15◦. Nevertheless, existing works for sizing and designing gear couplings [14, 20, 21, 22, 23, 24, 25]
are mainly focused on low misalignment angles, and spherical gear couplings for high misalignment applications are
referred to as special cases. The equations from the cited works are derived from gear tooth root bending calculations
and all have the same structure represented in Eq. (1).
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σ =
Γ · K

A
km · kls (1)

where, Γ is the applied torque, A is a coefficient to include the geometrical variables to represent the moment of inertia
and resistant section of the tooth (e.g., the module mn, the pitch diameter dp, the face width b...). Likewise, K is
a factor to include all the coefficients which influence tooth root stresses (e.g., the application factor ka, the quality
coefficient ZQ...). Two relevant coefficients for spherical gear coupling are remarked to account for the number of
teeth in contact (kls) and the effective face width (km) supporting the load.

On the one hand, the load distribution factor (km) considers the length of the face width actually carrying the load.
In ideal aligned conditions, all the teeth are engaged and contact is centered on the face width [26]. When slight
misalignment occurs, however, the spatial motion becomes complex and the relative position between both hub and
sleeve differs depending on the meshing position [25, 27, 28]. The relative motion between hub and sleeve is made up
of pivoting (swinging) and tilting movements, and the contact pattern and position changes accordingly, presenting
a lemniscata shape [8, 29, 30, 31]. The evolution of the contact point caused by the misalignment angle results in a
variation of the effective face width supporting the load [27]. Some works in the literature [11, 32] propose an Eq. (2)
to determine the maximum contact point displacement (δmax), and then define the portion of the tooth supporting the
load. However, very little data exists related to the effective face width, and how to consider it in high misalignment
applications [20, 22, 33].

δmax = rc sin(γ) cos
Å

2π
zi

z

ã
(2)

where, rc is the crowning radius, γ is the misalignment angle, z is the total number of teeth, and zi is the position of
each tooth.

On the other hand, the load sharing factor (kls) is used to account for the number of teeth actually carrying the load.
Indeed, the tilting position (in the perpendicular plane to the misalignment angle) is the most critical one, because teeth
in this angular position are the first to come into contact. As they have the smallest clearance value [8, 29], they suffer
the highest stresses [34]. Torque value, associated with the available clearance, makes the gear coupling stiffness
vary [35], and increase as the number of teeth in contact rises. However, if manufacturing errors occur, clearance will
no longer be constant. For this reason, Beckmann [23] also includes a coefficient to account for the manufacturing
quality and its effect on the number of teeth in contact. Indeed, indexing errors can imply an increase of 22% in
the stress values supported by the gear coupling [23]. On top of that, the non-uniformity of load distribution will be
increased [36, 37, 38].

In the presence of low misalignment angles, gear couplings have already shown a non-uniform load distribu-
tion [11, 26, 30, 39]. That is why, efforts have been focused on the increase of the contact surface to reduce stresses
and obtain more uniform load distribution by modifying the longitudinal amount of crowning [28, 40, 41].

The majority of works published in the literature only focus on the effect of the misalignment angle (γ ≤ 1.5◦)
on the number of teeth in contact [1, 14, 24, 28, 36, 42]. However, these values were not experimentally validated
and loading conditions were not considered. As a consequence, commonly used conservative criteria in gear coupling
sizing is to assume that half of the teeth are carrying the load [14, 22, 24]. Nevertheless, it has been shown that tooth
stiffness and torque have a significant impact [5, 39], thus, it is expected that this criterion will oversize the part to a
great extent depending on the geometry of the gear coupling or the working conditions.

Due to the complex kinematics of misaligned gear couplings, and the effect of multiple variables, analytical
models exist to analyze the influence of each of the variables individually; e.g., clearance distribution [29, 31, 43] or
load distribution [11, 44], among others. However, it is known that parameters are interrelated and that they cannot
be independently analyzed, especially when high misalignment angles are present. That is why, recently, the use of
finite element models has grown. 2D models have been used to determine load distribution and the number of teeth
in contact under different loading conditions [45] or under the effect of pitch errors [46]. However, to analyze the
effect of the misalignment angle 3D models are required [47, 48, 49]. Moreover, the accuracy of the geometry has
shown to have a great influence on the non-loaded tooth contact analysis (NLTCA) resulting from the small crowning
radius and the appearance of undercutting sections [8]. That is why it is expected to be of relevance in the loaded
tooth contact analysis (LTCA) due to the possible stress concentrations. For instance, Guan et al. [30] presented the
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evolution of the load distribution with misalignment angles up to γ = 0.2◦ while showing high risk of tip edge contact
due to the misalignment angle.

From the literature review, it can be confirmed that the number of teeth in contact and the contact position signif-
icantly vary in terms of low misalignment angles. This variation affects the load distribution, and consequently the
tooth root stress distribution. The complex mechanical behavior and the complexity of the geometry itself (presence
of undercutting sections) make FE models a very suitable tool for the analysis. However, the works cited earlier are
principally focused on misalignment angles below one degree. Thus, the behavior at higher misalignment angles is
uncertain, and the application of current sizing criteria to determine load distribution and maximum tooth root stresses
can result in over sizing, or even what may be more critical, under sizing of the component.

Therefore, this paper numerically determines the load distribution and the tooth root stress behavior of a highly
crowned spherical gear coupling working at high misalignment angle applications, considering the variation of the
contact position and the number of teeth in contact. To this end, the main goals of this research are:

(1) To develop a finite element model, based on the mathematical geometry generation model (already presented
in [8]) for spherical gear couplings working in high misalignment applications. This model will be capable of
accurately representing all the geometry features of spherical gear couplings, such as undercutting sections.

(2) To analyze the influence of the misalignment angle, specially γ ≫ 1.5◦, and the applied torque on the number
of teeth in contact, the load distribution, and the tooth root stress.

2. Geometry of the spherical gear coupling tooth surfaces

The main tooth modification employed in spherical gear couplings is longitudinal crowning or barreling [5, 29,
50, 51, 19] to achieve a more uniform contact pressure distribution and to prevent the undesired edge contacts caused
by slight misalignments during operation or assembly.

Barreling involves a tooth thickness variation in the hub tooth surfaces and a tooth clearance change along the
face width [29, 51]. In the reference section, the tooth thickness is the greatest, and a constant clearance between the
hub and the sleeve tooth active profiles can be observed in aligned conditions (Fig. 1(a)). From the literature [8, 52],
it is known that contact moves further away from the central section when misalignment is present, thus, longitudinal
crowning and clearance distribution will lead to different contact conditions. Indeed, as the section moves further
away, the hub tooth surfaces will no longer conform nominally to the tooth surface of the sleeve [16, 36] (Fig. 1(a)).

As shown in Fig. 1(b.1), the whole active involute tooth surfaces are in contact in aligned (A) and loaded conditions
without tip relief, because of the constant clearance between the hub and the sleeve tooth surfaces. However, in tooth
sections further away from the central section (misaligned conditions, M), the non-constant variation of the clearance
value will cause tip edge contact between the fillet tooth surface of the sleeve and the tip edge tooth surface of the hub,
resulting in high contact pressure values. To avoid it, in this research, the hub and sleeve tooth surfaces are generated
with a chamfer tip relief to center the contact on the active tooth profile, as shown in Fig. 1(b.2). It is already known
that tip relief modification has an effect on load distribution of spur gears [53, 54], that is why for this research the
lowest possible tip chamfer was considered to avoid edge contact in the analyzed working conditions.

For this purpose, the generating rack cutter tooth surface is modified by a linear tip-relief (enlarged for clarity in
Fig. 2) which is defined in coordinate system S a as follows:

ra(u) =
ß

if ulim < u ≤ umax [u 0 0 1]T

if umin ≤ u ≤ ulim [u − (u + ulim) sin(αch) 0 1]T (3)

where ulim is the active profile limit from which the chamfer is defined and αch is the chamfer angle. In this research,
ulim = 0.3 and αch = 3.5◦ are considered. Further research would be required to optimize the value or analyze the
influence of different types of tip reliefs, but it is out of the scope of this paper.

The hub and sleeve tooth surfaces are generated considering the manufacturing method, the meshing theory,
and the double-enveloping process [55] defined in-depth by the authors in [8]. Fig. 2 provides an overview of the
generation of the hub (lower part) and the sleeve (upper part), starting from the rack-cutter tooth surface with tip
relief.
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Figure 1: (a) clearance and (b) contact conditions of spherical gear couplings in aligned (b.1) and misaligned (b.2) working conditions, showing
the benefit of applying the tip relief.

In the case of the hub, a hob thread surface Σw is generated as the cutting tool from the generating rack-cutter
tooth surface Σc. This follows a circular feeding motion which determines the hub tooth surface Σh as the envelope
to the family of surfaces of the hob. The hob thread surface is determined from the rack-cutter tooth surface Σc
considering the meshing equation (5). The hub tooth surface is then generated by coordinate transformation (4)
from system S c to system S h, taking into consideration the double-enveloping process [55] with two independent
parameters of generation ϕw and sw (6, 7).

rh(u, v, ψw, sw, ϕw) = Mhw(sw, ϕw) Mwc(ψw) rc(u, v) (4)

f1(u, v, ψw) =

Å
∂rw

∂u
×
∂rw

∂v

ã
·
∂rw

∂ψw
= 0 (5)

f2(u, v, sw, ϕw) =

Å
∂rh

∂u
×
∂rh

∂v

ã
·
∂rh

∂ϕw
= 0 (6)

f3(u, v, sw, ϕw) =

Å
∂rh,a

∂u
×
∂rh

∂v

ã
·
∂rh

∂sw
= 0 (7)

Here, ψw is the generation parameter for the hob thread surface, and matrices Mhw and Mwc are the coordinate trans-
formation matrix [8].

As regards the sleeve, a shaper Σs is generated as the cutting tool from the generating rack-cutter tooth surface,
with the meshing equation (9). This follows a straight tool path to determine the tooth surfaces of the sleeve Σg, as
the envelope to the family of surfaces of the shaper. Coordinate transformation (8) from system S c to system S g and
consideration of the meshing equations (10) by parameter ψs enables to determine the sleeve tooth surface.

rg(u, v, ψs, ϕs) = Mgs(ϕs) Msc(ψs) rc(u, v) (8)

f4(u, v, ψs) =

Å
∂rs

∂u
×
∂rs

∂v

ã
·
∂rs

∂ψs
= 0 (9)

f5(u, v, ψs, ϕs) =

Å
∂rg

∂u
×
∂rg

∂v

ã
·
∂rg

∂ϕs
= 0 (10)
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Figure 2: Derivation of the hub tooth surface Σh and sleeve tooth surface Σg with linear tip relief, with the prior determination of the hob thread
surface Σw and shaper tooth surface Σs.

3. Definition of spherical gear couplings finite element model

The FE method is employed to simulate the contact path and mechanical behavior of spherical gear couplings.
Compared to other analytical methods, this approach has the advantage of taking into account the effects derived from
the elastic deformations of all the teeth in the gear coupling and body, including tooth stiffness, tilting-moment effect
generated by misalignment, and modifications of the load-sharing between the teeth.

3.1. Mesh

The meshing of the hub and sleeve is based on the method proposed in [56], which is commonly employed for
gear analysis. This well-known meshing procedure produces a uniform structured mesh over the gear geometries,
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dividing the teeth into five sections: right and left active and fillet profiles of the gear tooth, and the gear body.
The mesh is produced automatically from the generated geometry using the generation model described in sec-

tion 2. Fig. 3(a) shows a detailed view of the hexahedral element mesh in the hub. The same meshing technique is
employed in the sleeve. The mesh is developed with the aim of capturing tooth root stresses, and with a non refined
mesh in the contact zone of the teeth. This stems from the main objective of this study, which is the analysis of tooth
root stress distribution. The novelty of the meshing employed for spherical gear couplings in this paper compared
to the methodologies commonly used [47, 48, 49], lies in a finer mesh in the tooth root region below the potential
contact zone region. This provides smaller elements in those zones with higher stress gradients without increasing
the number of elements, and thus the computational cost. Fig. 3(a) depicts: (i) a fine mesh across the contact area of
the gear coupling, and (ii) a coarser mesh that transitions from the fine mesh up to the hub (or sleeve) edges with a
bias factor. The finer mesh region is delimited for each misalignment angle by a NLTCA [8], plus an additional 25%
as commonly done for spur gears.

Additionally, Fig. 3(b) illustrates the transverse meshing employed for the hub and sleeve teeth composed of:
(iii) a reduced mesh in the root and flank and a coarser mesh in the body of the teeth, where stress gradients are
smaller. Moreover, this mesh comprises several layers of smaller elements near the surface of the flank and fillet
regions, characterized by thickness e = 0.15mn [57]. The refined mesh between the surface layer and the body is
generated with a bias factor for a smoother transition.

The element size in the contact zone and the fillet of the hub is of 0.08 mm.

z
f

y
f

x
f

(ii) coarse mesh

(i) fine mesh region

(a) (b)

(iii) reduced mesh

(iv) coarse mesh

e

Figure 3: Finite element mesh: (a) hub longitudinal mesh discretization with a (i) fine mesh in the potential contact zone and tooth root, and
(ii) a coarser mesh up to the edges; and (b) detail of the hub and sleeve teeth transversal mesh with a (iii) reduced mesh in the tooth comprising a
non-biased contact layer, and a (iv) coarse mesh in the body part.

3.2. Model assembly
Fig 4(a) shows a fixed coordinate system S f where the hub and sleeve geometries are assembled. An auxiliary

system S m is defined parallel to S f and enables the misalignment of the sleeve around axis xm, while it remains fixed
during the analysis. The origin (O f , Om) of coordinate systems S f and S m is located in the central section of the gear
coupling (0,0,0).

The hub and sleeve models are defined in coordinate systems S 1 and S 2, respectively. The nodes located on the
inner hub radius and the external rim of the sleeve form rigid surfaces. These surfaces are represented in yellow
and green, in Fig 4(b). A hub reference node O1 is defined at the origin of system S 1 and is rigidly connected to
its corresponding rigid surface while allowing rigid body motion between the reference node and the rigid surface.
The same procedure is followed for the sleeve reference node O2 and the external rim rigid surface in the coordi-
nate system S 2. The assembly of system S 2 in the auxiliary coordinate system S m is made with the misalignment
angle around axis xm. In consequence, the characteristic positions of the gear coupling will be defined as follows:
(i) pivoting position, π/2 rad and 3π/2 rad, parallel to the misalignment axis and, (ii) tilting position, 0 rad and π rad,
perpendicular to the misalignment axis.
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Figure 4: Description of the spherical gear coupling finite element model for the loaded tooth contact analysis: (a) coordinate system for the model
assembly, and (b) definition of rigid surfaces and reference nodes.

To carry out the FE analysis and ensure suitability for post-processing, a cylindrical coordinate system (r, θ, z f ) is
defined, as shown in Fig 4(b).

In real working conditions, the spherical gear coupling is connected to a shaft at its ends. This generates the
load distribution to be delocalized along the face width. Moreover, maximum tooth root stresses will also increase
due to the bending moments generated by the shaft [32]. As the main objective of this research is to explain the
mechanical behavior of highly crowned spherical gear couplings, the shaft to which the hub or sleeve is connected
is not considered. This also suppresses the effect of the shaft on the load distribution. Hence, any non-symmetry of
the load distribution will be related to the contact position and the effect of the working conditions (torque and/or
misalignment).

3.3. Load cases and boundary conditions

Each simulation is carried out at a certain angular position along the meshing line (Fig. 4). The degrees of
freedom of the sleeve reference node are blocked. Torque Γ is applied through the released degree of freedom of the
hub reference node around axis z1 (Fig 4(a)). The rest of the degrees of freedom of the hub reference node are also
blocked.

Node-to-segment contact pairs are specified between the teeth of the hub and the sleeve. Friction can be considered
in the tangential behavior of the contact, however, it is out of the scope of this research and has not been included.
During the contact process, it is unlikely that a node makes exact contact with the surface, and for that reason, a
contact tolerance is associated with each surface. If a node is within the contact tolerance, it is considered to be in
contact with the segment. In this analysis, a tolerance value of 1/20 of the smaller element size was selected, centered
on both sides of the segment (Fig. 5(b)).

A linear elastic material is defined for the model, under the assumption that the deformations are so small that
they may be studied under the small strains theory. The element type considered for the analysis is a first-order
isoparametric hexahedral element (type 7 [58]).

3.4. Post-processing of the results

3.4.1. Contact pattern and number of teeth in contact
To determine the contacting teeth, the contact status output [58] is extracted from the traction active profile nodes

of the hub. An indicator for contact is recognized by a congruent representation of the contact status output in the
master and slave contact bodies, as depicted in Fig. 5(a). These positions are then replaced by the centroid of all
the nodes in contact in each tooth, for comparison in the contact pattern graphs. Throughout the simulation and the
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iterative process, the motion of the nodes is checked to verify whether the nodes are near a segment or not, considering
the contact tolerance as defined in Fig. 5(b).

It is important to note at this point, that the values of the centroid and contact position are dependent on the mesh
size and the contact tolerance employed in the simulation, as the information is extracted from the position of the
nodes. Nevertheless, the mesh used in this research is sufficient to analyze the evolution of the contact pattern and the
influence of the operating conditions.
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Figure 5: Contact nodes definition: (a) contact status output from FE solver and post-processed contact nodes and centroid, and (b) check of node
contact with the contact tolerance definition (adapted from [58]).

3.4.2. Load distribution
The load distribution for each tooth is obtained by the summation of the contact normal force (FCN) of the nodes

in contact (Eq. (11)). Once calculated, the contact normal force is divided by the total normal force applied to the
whole gear coupling to obtain the load distribution, as shown in Eq. (12).

FCN, zi (ξ) =
nzi∑

n=1

FCN(n) (11)

LDzi (ξ) =
FCN, zi (ξ)∑z

zi=1 FCN, zi (ξ)
(12)

where, FCN, zi corresponds to the total contact normal force for tooth zi at increment ξ, nzi refers to the total contact
nodes in each tooth zi, and LDzi is the load distribution of each tooth.

3.4.3. Tooth root stresses
Tooth root stresses are obtained in every element of the fillet region of the traction part of each tooth (Fig. 6(a)).

Although compression side root stresses are higher than those from the traction side [20, 59, 60], only the traction
side stresses were analyzed as these are critical for tooth root fatigue life.

The component of the stress tensor reflecting the bending stress of the gear hub is the stress value analyzed in this
work, i.e. the component in the transverse direction to the tooth. For this reason, the bending direction corresponds
to σ22 = σθθ, taking into account the cylindrical coordinate system in which the model is built (Fig. 4(b)).

The stiffness of the hexahedron element type employed in the model is formed using eight Gaussian integration
points (type 7 in Marc solver [58]). To this end, as depicted in Fig. 6(a), stress values in each element are calculated
at every integration point of the hexahedral element. Nodal values are then obtained by interpolating those values
linearly from the element surface integration points to the nodes of the element [58] (Fig. 6(b)).

Tooth root stresses are calculated in all the teeth (Fig. 7(a)), however, due to the high mesh density and complex
geometry, values are still difficult to see without the mesh (Fig. 7(b)). That is why traction side teeth projections
are illustrated in this research as shown in Fig. 7(c). Here, the tilting position tooth root stress distribution is shown
in the whole teeth (active profile and root). Moreover, to compare different working conditions the tooth root stress
distribution along the face width is represented (the maximum tooth root stress radius), as shown in Fig. 7(d).
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Figure 7: Tooth root stress representation along the research: (a) tooth root bending stress in the whole gear coupling with the FE mesh, and
(b) without the mesh, (c) tilting position traction side tooth root stress projection, and (d) maximum tooth root stress radius along the face width.

4. Definition of the case of study and types of analysis

In this research, the behavior of highly crowned spherical gear couplings is analyzed using a geometry with the
following distinguishing features, and based on an industrial application of a roll-leveling machine [5, 33]:

• Small pitch diameter.
• Small number of teeth.
• Small crowning radius, which involves a large amount of longitudinal crowning.
• Hub tooth surface with undercut sections due to the small crowning radius.
• High maximum working misalignment angle (γmax = 7.5◦).

The parameters of the case study are described in Table 1. A common carburized and quenched 15NiCr11 steel is
used in the spherical gear coupling model defined by its linear elastic properties (Table 1).

Loaded tooth contact analysis was conducted following the indications of Section 3 in Marc solver [61], a general-
purpose FE analysis computer program.
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Table 1: Design parameters, operating conditions, and material properties for the highly crowned spherical gear coupling case study.
Parameter Case study
Pitch diameter, dp [mm] 39
Normal module, mn [mm] 3
Number of teeth, z [-] 13
Normal pressure angle, α [◦] 30
Aspect ratio, b/dp [-] 0.5
Backlash, jn [mm] 0.285
Crowning radius, rc [mm] 24
Misalignment angle, γ [◦] 0 - 7.5
Applied torque, Γ [Nm] 0 - 1500
Young’s modulus, E [GPa] 210
Poisson coefficient, υ [-] 0.33
Density, ρ [kg/m3] 7850
Yield stress, σy [MPa] 850
Ultimate stress, σu [MPa] 1010
Fatigue stress limit, σe [MPa] 520

Two types of static simulations were performed, with two different objectives:

(a) (b)

θ
i

Figure 8: Types of FE model analysis: (a) single toothed gear coupling, and (b) complete gear coupling.

• Single toothed gear coupling model
The aim is to understand the evolution of the contact pattern in terms of the angular position when working at
high misalignment angles, and its impact on tooth root stresses.

Without the convective effects of the adjacent teeth, it is analyzed as a function of the applied torque and
misalignment angle. The model is composed of a single hub and sleeve tooth at a certain angular position θi,
as shown in Fig. 8(a). The static analysis is repeated for several angular positions distributed in the cycle
of meshing, under the same working conditions. The angular position θi of each analysis varies between 0
and (2π − 2π/z), i.e., ∆θi = π/9 rad, with a total of 20 angular positions simulated for each working condition.
In each simulation, the contact pattern, and the tooth root stress distribution are obtained directly from the
FE solver, with the procedure described in sections 3.4.1 and 3.4.3.

• Complete gear coupling model
The goal is to understand the load distribution based on the number of teeth in contact, and its effect on the
tooth root stress history.

This is also examined as a function of the applied torque and misalignment angle. The model is composed of all
the teeth in the hub and sleeve as depicted in Fig. 8(b). The contact position, the number of teeth in contact, the
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load distribution, and the tooth root stress distribution are obtained from the FE solver, following the procedures
in sections 3.4.1-3.4.3.

5. Results

5.1. Mechanical behavior of single toothed gear coupling as a function of the angular position

5.1.1. Contact pattern evolution
Fig. 9 shows the active profile of the hub with the contact pattern in terms of the working conditions (Γ and γ). As

it can be observed in Fig. 9(a), the contact pattern evolves from a centered and stable position in aligned conditions
(point contact), to a wider and longer contact pattern as the misalignment angle increases (lemniscata shape). Indeed,
it is observed that the contact amplitude (δmax) increases, while it remains centered around the reference section of the
hub.

In the case of a constant misalignment angle in Fig. 9(b), it can be seen that as torque increases the contact pattern
is flattened. However, this has a negligible effect on the amplitude. Moreover, contact is spread over the pitch diameter
as load increases, which is consistent with the literature [24, 8]. This confirms that the behavior of highly crowned
spherical gear couplings is consistent with them at this point.
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Figure 9: Contact pattern centroid evolution for every angular position and the variation of the maximum displacement of the contact point (δmax):
(a) contact pattern centroid evolution as a function of the misalignment angle for a constant torque applied Γ = 25 Nm, and (b) as a function of the
applied torque for a constant misalignment angle γ = 6◦, (c) δmax as a function of the misalignment angle, and (d) δmax as a function of the applied
torque.

The maximum contact displacement from the reference section (δmax) can be seen in Fig. 9(c) and Fig. 9(d) as a
function of the misalignment angle and the applied torque, respectively. These values correspond to the teeth in the
tilting angular position, as being the ones with the maximum displacement. It can be seen that the misalignment angle
is the main contributor to the variation of the contact position along the face width. The influence of torque arises
from the stiffness of the component and is nearly negligible.
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5.1.2. Tooth root stress evolution
Fig. 10 shows the maximum tooth root stress distribution along the contact path of the hub at a constant misalign-

ment angle of 6◦ (Fig. 10(a)). Tooth root stresses in Fig. 10(b) are normalized relative to the maximum tooth root
stress value in the pivoting position (Eq. (13)) to depict their variation depending on the contact position along the
face width, i.e., angular position.

σnormalized =
σ

σpivoting
(13)

It is observed that the maximum value of the tooth root stress along the face width is positioned right at the contact
section. Moreover, this position evolves together with the contact pattern, that is, it is shifted from the reference
section as the contact displaces. It can also be seen that tooth root stresses increase up to 10% from the pivoting
position (contact in the reference section) to the tilting position (most displaced contact point). This demonstrates
that tooth geometry and stiffness affect tooth root stresses in misaligned conditions, regardless of the load distribution.
The slight non-symmetry of tooth root stress in symmetrical angular positions is linked to the twist-effect phenomena
present in highly crowned hub tooth surfaces [8].
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Figure 10: (a) contact pattern centroids, and (b) maximum tooth root stress distribution along the face width according to the angular position
for Γ = 100 Nm and γ = 6◦.

5.2. Mechanical behavior of complete gear coupling as a function of the misalignment angle and torque

5.2.1. Stiffness
Fig. 11(a) shows the relationship between the applied torque and the angular deflection of the gear coupling, i.e., it

reflects the stiffness of the component. It can be observed that the angular deflection increases as the misalignment
angle increases. This is fundamentally based on the lower number of teeth which are transferring the applied torque.

At low misalignment angles (γ < 1.5◦), the slope (Fig. 11(b)) of this trend remains quasi constant as a function of
torque. Indeed, with all the teeth making contact the increase of stiffness mainly resides in the existence of a bigger
contact area due to the tooth surface deformations.

As the misalignment angle increases, stiffness values are reduced. Moreover, the increase of the slope in Fig. 11(b)
is observed as more teeth make contact as torque increases. For higher misalignment angles (γ = 6◦ or γ = 7.5◦), a
quasi constant slope is not observed as torque values are not big enough so that all the teeth make contact.

13



Torque [Nm]
1500100050050

0

0.05

0.1

0.15

0.2

0.25

0.3

0.4

0.35

0.45

0.5

A
n

g
u

la
r 

d
efl

ec
ti

o
n

 [
°]

Torque [Nm]
1500100050050

S
ti

ff
n

es
s 

 [
N

m
/r

ad
]

0

0.5

1

1.5

2

2.5

3

4

3.5

4.5

(a) (b)

× 105

0
1.5
3
4.5
6
7.5

γ  [°]

Figure 11: (a) angular deflection, and (b) stiffness of a highly crowned spherical gear coupling as a function of the applied torque.

5.2.2. Contact pattern evolution
Compared to section 5.1.1 (where all tooth positions are considered without the convective effects of adjacent

teeth), the contact pattern no longer shows the lemniscata shape at high misalignment angles. What’s more, the
number of teeth in contact is reduced and principally located in the tilting position (most displaced positions from the
reference section), as can be seen in Fig. 12. The contacting teeth centroid is represented together with the arrows
showing that contact passes from one half of the active profile to the other.

The evolution of the contact pattern as a function of the applied torque or the misalignment angle is not represented
for the purpose of simplicity, as it presents the same behavior as the one shown in Fig. 9 for the single teethed gear
coupling.
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Figure 12: Contact pattern centroids for Γ = 1000 Nm and γ = 6◦.

5.2.3. Load distribution
Fig. 13 describes the load distribution in terms of the misalignment angle and the applied torque (bar colors).

Each set of bars refers to one of the teeth of the gear coupling. The abscissa axis shows the angular position of the
tooth, while the ordinate axis represents the percentage of the total load carried by each tooth in that angular position.
Pivoting and tilting positions are also marked for ease of understanding. The last set of bars is the same as the first, to
represent the whole circular load distribution.
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Figure 13: Effect of the applied torque and the misalignment angle (a) γ = 1.5◦, (b) γ = 3◦, and (c) γ = 6◦ in the load distribution of a highly
crowned spherical gear coupling.

It is observed that at low misalignment (γ = 1.5◦) load is more evenly distributed than at higher misalignment
angles, as the number of teeth in contact is higher. Moreover, it can be seen that the teeth which support the highest
loads are those in the tilting positions, as they are the first entering into contact, even at low misalignment.

Furthermore, lower torques are the most critical ones in terms of load distribution, since very few teeth come into
contact, i.e., the deformation caused by the torque is smaller than the angular backlash. Indeed, the load is mainly
shared among three to four teeth when the misalignment angle increases. It can also be seen that the load in the tilting
angular position is increased as the misalignment angle increases. At the same time, the load supported by those
teeth in the pivoting angular position decreases or even loses contact as the misalignment angle increases. In addition,
regardless of the misalignment angle, when torque is increased, as tooth deflections are greater than the clearance,
more teeth come into contact and load distribution is more evenly shared. In this manner, the load supported by all
the teeth gets closer to the aligned case: for the tilting position the supported load decreases, while for the pivoting
position it increases.

To better understand the sequence in which load is distributed, Fig. 14 shows the cumulative percentage of load
carried by the teeth engaged in the spherical gear coupling at different misalignment angles. The slashed line shows
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Figure 14: (a) cumulative percentage of load carried by the teeth engaged at (a) γ = 1.5◦, (b) γ = 3◦, and (c) γ = 6◦ as a function of the applied
torque.
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the case of the aligned conditions where a constant slope increase can be seen, meaning an equal load distribution
among all the teeth. However, in misaligned conditions, the curves no longer present a constant slope and shift away
from the aligned curve as torque decreases. Moreover, as the misalignment angle increases the curves are more shifted
away from the aligned case, which means fewer teeth in contact with less homogeneous load distribution.

The curves present a steep slope among the first teeth engaged (those in the tilting angular position), while as the
load is spread over more teeth, the slope decreases. Indeed, this demonstrates that the last teeth engaging (those in the
pivoting angular position) contribute nearly nothing to the total load transferred by the gear coupling.

5.2.4. Tooth root stresses
Maximum tooth root stress

In section 5.1.2 it is shown that the maximum tooth root stress position displaces considerably from the reference
section in the presence of a misalignment angle, moving together with the contact point. In this section, the mod-
ification of the tooth root stress value due to the non-uniform load distribution among the teeth in presence of the
misalignment angle is discussed.

From the load distribution analysis, it is concluded that teeth in the tilting angular position are the ones that support
the highest loads, thus they are the ones suffering the highest tooth root stresses. Fig. 15(b) shows the tooth root stress
distribution of the tilting angular position along the face width as a function of the misalignment angle. It depicts
how as the contact centroid displaces from the reference section (Fig. 15(a)), tooth root stress distribution is no longer
symmetric. It is also shown how the maximum value increases with the misalignment angle, and shifts together with
the contact centroid along the face width direction.

Fig. 15(c) shows the stress distribution on the traction side of the tooth of the hub. Contact stresses are not
displayed since it is not the objective of this research. It can be seen that stresses decrease drastically after the contact,
which may lead to think that not all the face width of the gear coupling is supporting the load as already described
in [20, 22]. Moreover, it is observed that there is no stress concentration or discontinuity when undercutting sections
start, even if higher values are observed when the contact point is close to them (γ = 6◦).
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Figure 15: (a) the centroid evolution, and (b) the tooth root bending stress along the hub face width of the tilting angular position at Γ = 500 Nm
in terms of the misalignment angle, together with (c) the stress distribution in the traction side of the tooth surface.

Even if the maximum tooth root stress occurs at the tilting angular position, for the aim of comparing, Fig. 16
shows the maximum stress values of (a) tilting and (b) pivoting angular positions as a function of the applied torque
and the misalignment angle.
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Figure 16: Maximum tooth root bending stress in terms of the applied torque and misalignment angle (a) in the tilting position, and (b) in the
pivoting position.

It can be seen that stress values in pivoting angular positions are very low and do not follow the same trend as those
in the tilting position. This is because, as shown in the previous section, only at low misalignment angles (γ ≤ 1.5◦)
all the teeth in the gear coupling are in contact, and thus, as torque increases the stresses increase in either of the
positions.

However, when the misalignment angle increases the number of teeth in contact decreases, especially those in the
pivoting position. In consequence, the stress values in the pivoting position decrease, as teeth in the tilting position
support the highest stresses. Moreover, it can be observed that for the pivoting position (Fig. 16(b)) at lower torques
no stresses (due to the loss of contact) are supported by the teeth.

These results clearly remark that stress values vary significantly according to the angular position of the gear
coupling and, thus, when sizing according to tooth-root fatigue it becomes very important to analyze the tooth root
stress cycle.

Tooth root stress cycle

It has already been seen that the stress state at different angular positions is different. That is why, with the aim of
better understanding the behavior towards fatigue tooth root breakage, Fig. 17 shows the tooth root stress evolution at
various sections along the face width to analyze if the maximum stresses are always located at the same section. The
different positions shown in Fig. 17 at a constant torque of 500 Nm are: (a) the reference section, (b) the contact section
in the tilting position which varies together with the misalignment angle, and (c) the undercut beginning section.

It is observed that the highest bending stresses occur in the contact (Fig. 17(b)) and in the undercutting (Fig. 17(c))
sections at the tilting position. For the case of the undercutting section, it is seen that stresses along the cycle are very
low and close to the value of the aligned case. Indeed, it is shown that tilting positions are a stress concentration
location along the cycle, which will need to be considered especially when the contact point displaces due to the
misalignment angle nearby the undercutting section (e.g., see stress value increase between the contact section and
the undercutting section at 0 rad for γ = 7.5◦).

With regard to the contact section (Fig. 17(b)), the stress cycle is also characterized by the peak values in the tilting
position, while it is more homogeneous along the rest of the cycle at low misalignment angles. At high misalignment
angles, stress values in parts of the cycle (i.e., pivoting positions) are null since the teeth lose contact.

Concerning the reference section (Fig. 17(a)) of the gear hub, the stress cycle is close to that of the contact section,
while it does not present so high values in the tilting position. Moreover, it can also be seen that in each revolution,
a tooth will pass twice through each stress state. However, when getting closer to the edges of the gear coupling
(e.g., the undercutting section) it can be observed that in each revolution there is just one stress cycle. In consequence,
this is another reason why the spherical gear coupling bending fatigue differs from what has been previously described
in the literature.
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Figure 17: Maximum tooth root bending stress cycle at Γ = 500 Nm at: (a) the reference section, (b) the contact section in tilting position, and
(c) the undercut beginning section.

Since the mechanical behavior varies considerably from section to section, Fig. 18(a) presents the general case of
maximum tooth root bending stresses to examine the fatigue cycle endured by the gear coupling hub. The maximum
stress values are in the tilting position and the lower (or even null) in the pivoting positions. Moreover, the double
cycle supported by the gear coupling in each revolution is observed. Indeed, each tooth will pass twice through each
position in each revolution.

According to this cycle, Fig. 18(b) and (c) represent the mean and alternating stress level of the cycle in terms
of the applied torque and misalignment angle. In these graphs, two different trends can be observed (divided with a
slash and dotted line). The first behavior is up to γ ≤ 1.5◦, where a sinusoidal fluctuating stress cycle is observed (pos-
itive fatigue stress ratio, R > 0). Here, teeth do not completely lose contact in any angular position, and stress values
oscillate around the stress value of the aligned case.

The second behavior arises from γ > 1.5◦, where teeth lose contact in the pivoting position, thus stresses descend
to zero in those angular positions. This produces a repeated tensile (or pulsating tension) stress cycle (R = 0). This
pulsating stress cycle has not been previously discussed in the literature related to gear coupling tooth root fatigue
analysis, and hence, this work highlights that the behavior is more complex and that it needs a deeper understanding.
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Figure 18: (a) maximum tooth root bending stress cycle of a gear coupling at Γ = 500 Nm in terms of the misalignment angle, (b) the mean,
and (c) the alternating stress level in terms of the applied torque and the misalignment angle.
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6. Discussion

Spherical gear couplings working at high misalignment angles have shown to have a very complex and differ-
ent mechanical behavior from what has been previously analyzed in the specialized literature. From the tooth root
sizing equations described in the introduction, the importance of two coefficients to account for the influence of the
misalignment angle was shown: the load sharing factor (kls), and the load distribution factor (km). In the following
paragraphs, the influence of both coefficients will be discussed based on the results obtained from the loaded tooth
contact analysis.

Concerning the load sharing factor, one of the most remarkable aspects of highly crowned spherical gear couplings
working at high misalignment angles is the reduction of the number of teeth in contact depending on the working
conditions (Γ and γ). Furthermore, it has also been seen that not all the teeth support the load equally, which is in
agreement with some works of the literature [22, 34, 62]. Indeed, due to the non-uniformity of the load distribution,
knowing the number of teeth in contact is sometimes not sufficient to determine the maximum tooth root stresses.
That is why some authors [34, 62, 63] propose determining the effective number of teeth in contact (Ceff), or which
is equivalent the overload coefficient (kF). This is defined following Eq. (14), and is a more representative value than
the number of teeth in contact since it considers the number of teeth which are really transferring the load. This value
is obtained by dividing the average load supported by each tooth (Γavg j

), and the load carried by the most charged
one (Γmax j ). For instance, in aligned conditions C = Ceff , that is kF = 1, meaning all the teeth are equally loaded.

Ceff =
Γ j

Γmax j

=
Γ/z
Γmax j

=
1
kF
=

1
k∗ls

(14)

In Fig. 19, both, the number of teeth (a) and the effective number of teeth (b) are shown. It can be seen that as the
applied torque decreases and the misalignment angle increases, the number of teeth in contact decreases drastically.
Moreover, it is observed that even if in applications with γ ≤ 2◦ and Γ ≥ 800 Nm all the teeth are in contact (Fig. 19(a)),
only the 80% of them are transferring the charge (Fig. 19(b)). Furthermore, working conditions with less than 20% of
their teeth carrying the load is wide. This will imply tooth root stresses which can be more than five times higher than
those supported under aligned conditions.

The commonly used criteria in the literature for sizing is considering that half of the teeth are in contact, regardless
of the geometry or working conditions [14, 22, 42]. In Fig. 19 this value is highlighted, and it is clearly depicted that
this criterion is very conservative when applied to low misalignment angles. However, for higher misalignment angles
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Figure 19: (a) number of teeth in contact C, and (b) effective number of teeth in contact Ceff as a function of the applied torque and the misalignment
angle compared to the criterion of half of the teeth in contact [14].

(especially in lower torques), this criterion undersize the component, which may lead to non-compliance with the
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technical requirements or premature failure. It can be observed that the undersized area is greater if the effective
number of teeth is considered, concluding that Ceff is a parameter that must be taken into account during sizing.

AGMA 945 B20 [22] hard codes a value of 2 or 3 for the load sharing coefficient giving as a reference the criteria
of half of the teeth carrying the load, thus in this work the overload coefficient kF is defined to substitute it in the
sizing equation by the k∗ls coefficient.

On the other hand, concerning the load distribution factor, another remarkable behavior of highly crowned gear
couplings working at high misalignment angles is the displacement of the contact point along the face width of the
active profile. The contact point and the contact pattern are in agreement with the literature [29, 30, 31]. Nevertheless,
these works were oriented to low misalignment angles γ ≪ 1◦ and geometries with high crowning radius (i.e., low
longitudinal crowning), thus they had a high risk of edge or tip contact. To avoid this problem, the use of a tip relief
has yielded satisfactory results in this research, even if further research is required to obtain the most optimized value.

Referring to the maximum displacement along the face width, Fig. 20 compares the values obtained in this re-
search with those calculated with the equation from the literature (Eq. (2)) [11, 32]. It is observed that the maximum
displacement of the contact point (δmax) is largely increased with the misalignment angle (torque has a negligible
effect). Fig. 20 shows that differences between the LTCA and the literature are very relevant and that the literature
values remain way lower. Indeed, these equations make simplifications in the geometrical parameters, as they are
developed for geometries with low values of longitudinal crowning.

Thereby, there is a major displacement of the contact during the operation of a highly crowned spherical gear
coupling compared to those commonly used in quasi-aligned conditions. Indeed, there will be an increase in the
entrainment velocity thanks to which lubricant will properly flow across the tooth surfaces. In short, fretting wear will
no longer be the main failure mechanism, and thus, tooth root fatigue failure should be analyzed to avoid component
breakage.
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Figure 20: Maximum contact position displacement amplitude for highly crowned spherical gear couplings compared with [11] Eq. (2).

In AGMA 945 B20 [22] the load distribution factor is obtained dividing the face width by the amplitude of the
contact pattern. However, this might not be an appropriate definition for highly crowned hubs, as they give higher co-
efficients at aligned than at misaligned conditions. Indeed, as shown in Fig. 20 the contact pattern amplitude (2δmax) in-
creases with the misalignment angle. For that reason, in this work, it is suggested to define the effective face width beff
by calculating the length of the face width that is bearing stresses above the 70% of the maximum tooth root bending
stress (0.3σmax), as shown in Fig. 21(a). According to the figure, it can be observed that as the misalignment angle
increases the effective face width does not significantly vary for a constant torque (e.g., beff = 10.4 mm for γ = 6◦,
while beff = 11 mm for γ = 1.5◦). In Fig. 21(b) it is indeed observed that the normalized effective face width trends
are close to the same values at high torque values. Different behavior for the case of γ = 7.5◦ is observed, which
may be linked to the excessive displacement of the contact point compared to the face width of the case study. These
results suggest that the effective face width is a parameter linked principally to the gear hub geometry, and not highly
dependent on the misalignment angle.
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Figure 21: (a) suggested definition of the effective face width (beff ) for highly crowned gear couplings, and (b) normalized beff evolution as a
function of the applied torque and the misalignment angle.

In consequence, a modified load distribution coefficient (k∗m) is defined to use it in the tooth root stress equation,
considering the effective face width results (Eq. (15)). As depicted in Fig. 21(b), values for all the misalignment angles
but that from 7.5◦ gather around beff ≈ 10 mm, which corresponds to a load distribution coefficient of k∗m ≈ 2.

k∗m =
b

beff
(15)

With k∗m and k∗ls coefficients already re-defined by the authors, bending tooth root stress is calculated based on [22]
with Eq. (16).

σ = ka k∗m k∗ls
2000Γ
d2

p b Y
(16)

Fig. 22(a) shows LTCA results at low and high misalignment angles against those obtained with [22] and its
coefficients. Leaving aside the application factor (ka = 1), the load sharing (kls) and load distribution (km) coefficients
were defined following the recommendations of the standard. Even if the standard does not give coefficient values for
such high misalignment angles, the most critical from those proposed were chosen.

From these results, it can be seen that even at low misalignment angles significant differences emerge, and under-
size the stresses suffered by the component. This indicates one more time that the definition of the coefficients in the
standard is not accurate enough to represent the mechanical behavior of highly crowned spherical gear couplings. It is
indeed concluded that sizing spherical gear couplings working in high misalignment angles can result in a premature
breakage of the component, due to the undersized results obtained with the current standard.

By contrast, Fig. 22(b) shows the results obtained with Eq. (16), where, k∗m and k∗ls factors are changed according
to the results obtained with the LTCA. k∗m is adjusted with the effective face width, and k∗ls factor is based on the
overload coefficient kF , i.e., the effective number of teeth in contact (k∗ls = kF = 1/Ceff). It is observed, that calculated
values are very close to those from the LTCA at low or high misalignment angles. The difference is below the 10%
at γ = 6◦ from Γ = 200 Nm onward; e.g., at 250 Nm LTCA gives 442.5 MPa, while those obtained with the modified
coefficients in the standard gives 403.7 MPa.

That is why it is concluded that tooth root bending stress of highly crowned spherical gear couplings working at
high misalignment angles can be accurately represented with a deeper analysis in the determination of the load sharing
and load distribution factors. This analysis, among others, will enable ensuring a common and accurate procedure to
determine tooth root stress of spherical gear couplings working at low or high misalignment angles.
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7. Conclusions

This paper describes the mechanical behavior of highly crowned spherical gear couplings and the influence of
the operating conditions by means of a FE model developed for this purpose. The research aims to provide a more
accurate definition of the influencing variables when working at high misalignment angles, to enable non-oversized
and competitive designs of spherical gear couplings. Moreover, the model presented here can be easily adapted to
different geometries or working conditions.

From the LTCA and the comparison with the literature the following conclusions can be drawn:

(1) The number of teeth in contact decreases drastically to less than 40% of the total number of teeth of the gear
coupling at low torque values and high misalignment angles γ > 3◦. As a result, the stiffness of the component
is reduced and tooth root stresses are increased considerably.

(2) In addition to the decrease in the number of teeth in contact, the misalignment angle induces a non homogeneous
load distribution among those in contact.

(3) Tooth root bending stresses are influenced by the contact position variation in as much as 10% of the load
supported.

(4) The stress state between tilting and pivoting angular positions changes considerably at high misalignment an-
gles, which leads to a complex tooth root fatigue life. Due to the loss of contact of some of the teeth at high
misalignment angles, the fatigue cycle changes from a sinusoidal fluctuating stress cycle (γ ≤ 1.5◦) to a pulsat-
ing tension stress cycle (γ > 1.5◦). Consequently, the fatigue life of the component might be reduced.

(5) Sizing highly crowned spherical gear couplings to tooth root breakage with actual standards may lead to under
sizing in some working conditions. As a consequence, an early breakage of the component and an increase in
maintenance costs are expected.

(6) The bending tooth root stresses may be accurately predicted with a proper definition of the load distribution
and the load sharing coefficients. To this end, it is essential to correctly define the effective face width and the
overload coefficient.

(7) The contact pattern of highly crowned spherical gear couplings working at high misalignment angles spreads
over more than 50% of the face with. This leads to adequate lubrication of the component, and thus decreases
wear and fretting fatigue fracture risk of this type of component.
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The proposed model allows for future work to focus on the influence of different design parameters, such as the
pitch diameter, the number of teeth, the pressure angle or the aspect ratio in the load distribution, and the tooth root
stress of highly crowned spherical gear couplings. Moreover, this will enable further understanding of the tooth root
fatigue cycle. Finally, this analysis will enable a more accurate definition of the load distribution and the load sharing
coefficients, taking into account the effect of the design parameters, and making it possible to obtain the proper value
for sizing coefficients.
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