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external spline (or hub) may present cross sections with undercutting, particularly when
the tooth number is small and the hub teeth are manufactured directly on a shaft. These
peculiarities make it difficult to generate accurate hub geometries with the existing models
in the literature. This paper proposes a method of generation of the hub tooth surfaces by

';;ﬁvﬁgsl'gear coupling a hob thread surface, simulating the hobbing process of the external spline and generating
Gear geometry undercut profiles. The proposed hub model is compared with existing models where a
Undercutting cutting edge is considered as a generating tool of the hub. The comparison shows that the
Tooth contact analysis normal deviations between the hub tooth surfaces of the considered models are significant,
High misalignment especially when high misalignments (typically above 3°) are present and highly crowned

tooth surfaces are required. Differences in the location where undercut profiles appear are
also observed between the proposed model and those of the literature. Moreover, from the
application of unloaded tooth contact analysis and clearance determination, disparities are
observed when a misalignment angle is present.

© 2021 The Authors. Published by Elsevier Ltd.

1. Introduction

Gear couplings are widely used to transmit power between shafts due to their high power density compared to other
non-splined connections [1]. Spherical gear couplings are specifically designed to work with high misalignments. Thus, they
require tooth surfaces with considerable longitudinal crowning to obtain a favorable contact pattern when severe conditions
of misalignment are present, typically above 3° and up to 10°. In addition, longitudinal crowning is needed to avoid in-
terference and balance the clearance between the hub and the sleeve teeth, while increasing the contact ratio [2]. Indeed,
misalignment failures account for approximately 20% of common crowned gear coupling failures [3]. Fig. 1 shows a typical
spherical gear coupling featuring a hub with highly crowned tooth surfaces.

Most of the studies related to gear couplings in the scientific literature are limited to working conditions with misalign-
ments below 3°. Among others, Alfares et al. [2] concluded that coupling misalignment due to manufacture and assembly
errors is the main factor to determine tooth clearance distribution. Baker [4]| experimentally analyzed the durability of cou-
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Nomenclature

ap parabola coefficient
Fy hob face width

hq rack addendum

hg rack dedendum

hha hub addendum

hy¢ hub dedendum

he hub tip height

hwa hob addendum

m module

Np, hub/sleeve tooth number
Ns shaper tooth number
Ny hob thread number
p screw parameter

Pax hob axial pitch

Tg sleeve pitch radius

T hub pitch radius

I's shaper pitch radius
T'w hob pitch radius

Ta hub tip radius

8 tool path radius

Sw hob displacement during hub generation

profile surface parameter

lead surface parameter

pressure angle

misalignment angle

Vertical displacement of the hob duringgeneration
hob lead parameter

hob tip parameter

hob lead angle

> SR RS
=
=

W
nw angle along hob tool path
P hub profile radius
Pedge hob tip radius

s shaper rotation during sleeve generation
bw hob rotation during hub generation
Xg sleeve generating shift coefficient
Xh hub generating shift coefficient
Vg generation parameter of the sleeve
/7 generation parameter of the hub
/8 generation parameter of the shaper
Yw generation parameter of the hob

plings with different lubricants and coatings up to a 0.5° misalignment angle, showing a variation of wear mechanism
leading to fatigue cracks when misalignment increases. Later, Cuffaro et al. [5] designed a test rig to analyze fretting wear
phenomena in aerospace applications up to a 0.2° misalignment angle. Hong et al. [6] developed a finite element model to
quantify load distribution variation caused by misalignments until 0.12°, and observed a load concentration at the end of
the coupling due to the effect of the tilting moment. They also demonstrated that this effect could be reduced with a proper
lead crown modification value. Guo et al. [7] proposed an analytical model to determine the local contact characteristics,
which proved that misalignment causes a decrease in the number of teeth in contact, leading to load increase in those in
contact. All of these works are focused on the influence of several parameters in contact conditions and load distribution
for small misalignments. However, uncertainty still exists in gear coupling behavior for high misalignment applications.

It is true that high misalignments, above 3°, may limit power capacity, but some machinery requires spherical gear
couplings to work with high misalignments. Mancuso [8] described the use of gear spindles in heavy duty, high torque
applications for a maximum misalignment angle of 6°, while Herbstritt et al. [9] discussed the design optimization of mill
spindles up to 3° misalignment. In fact, the metal rolling mills industry is the main sector of application of spherical gear
couplings [10], where the small size of the rolls involves working conditions up to 7°, as investigated by Larrafiaga et al. [11].

Spherical gear couplings require accurate geometry generation methods to ensure a solid foundation for further investi-
gations, such as tooth contact and clearance, or stress analyses. Employed methods of manufacturing the hub include either
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highly crowned tooth surfaces

sleeve

hub

(a)

Fig. 1. Spherical gear coupling: (a) assembly of hub and sleeve, and (b) hub with highly crowned tooth surfaces.

no-undercutting

undercutting /

hob
only-fillet

Fig. 2. Generation by a hob: (a) manufacturing of the hub by means of the hob, and (b) types of cross sections in a highly crowned hub tooth.

generation by a disk or by a hob [3,12]. Although generation by a hob (Fig. 2(a)) represents the main procedure of hub
cutting, most of the generation methods presented in the literature for gear couplings simplify the hobbing process using a
cutting edge. Mitome et al. [13]| and Guan et al. [3] simplified the hobbing process by the rotation of the hob middle cross
section. However, this method does not allow the existence of undercut profiles when reduced tool path radii are used. On
the other hand, Chao et al. [14] and Kelemen et al. [15] considered the path of the cutting edge of the hob middle cross sec-
tion to obtain the generating tooth surface. None of these methods has a straightforward methodology to be easily adapted
to different tool paths of the hob.

Although the methods mentioned above can be accurate for small amounts of crowning, higher crowning values demand
exact generation methods, and therefore the geometry of the generating tool surface must be assessed. A hob may be
regarded as a set of cutting edges distributed along its thread, and as a result the thread surface has to be considered in
the model of the cutting tool to achieve an accurate generation method.

Generation of a gear tooth surface by a hob (or a worm) thread surface was introduced by Litvin et al. [16,17] and
employed in some works, such as, generation of face-gear drives [18,19], noncircular gears [20,21] or screw rotors [22].
Later, Jia et al. [23] applied a discrete enveloping method considering a hob among different gear tools. Furthermore, Ved-
mar [24] investigated the roughness of hobbed gear tooth surfaces and Klocke et al. [25] introduced gear tooth surface
deviations caused by a non-ideal hobbing simulation.

However, the amount of crowning that may be required in gear drives is much lower than in spherical gear couplings
(see Fig. 1(b)). Thus, their generation introduces new problems including the appearance of singularities. As stated in [17],
the appearance of singular points on the generated surface is the warning that the surface may be undercut during the

3
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Fig. 3. Rack-cutter tooth surface X, definition: (a) surface parameter u, (b) surface parameter v, and (c) definition of profile crowning.

generation process. Indeed, the existence of undercutting is unavoidable, especially in small parts where the hub teeth are
manufactured directly on a shaft [26]. As a consequence, different regions along the length of the tooth can be observed in
Fig. 2(b).

Therefore, the main goals of the present research are:

(1) To numerically generate spherical hub tooth surfaces by a hob thread surface, and implement an algorithm for the
detection of singularities during the generation process. The proposed generation method identifies three types of
cross sections in the generated teeth of the hub (Fig. 2(b)): (i) cross sections where no undercutting exists, (ii) cross
sections where the active profile is undercut and coexists with the fillet, and (iii) cross sections where only the fillet
exists. Detection of undercutting is important for a better estimation of the bending strength of the hub in further
stress analyses.

(2) To compare the hub generation model with two simplified models where the hob thread surface is substituted by a
set of cutting edges. These two simplified methods of hub generation by a hob are described in detail in [3,15] and are
implemented in this work for the purpose of comparison. The developed algorithm for the detection of singularities
is also implemented in these simplified methods. The comparison is based on the determination of normal deviations
between the hub tooth surface of the proposed model and the hub tooth surface of the simplified ones. In addition,
differences in the location of undercut profiles are investigated.

(3) To analyze unloaded tooth contact when a misalignment angle is present and to determine the clearance between
the pairs of teeth of the spherical gear coupling. To this end, a sleeve model is obtained through the computational
generation of the sleeve tooth surfaces by a shaper tooth surface.

2. Generation of the hub model

Generation of the hub tooth surface ¥, by a hob requires prior determination of the hob (or worm) thread sur-
face X, (Secs. 2.2, 2.3). For that purpose, a standard rack-cutter tooth surface X. is defined (Section 2.1) as the generating
surface of X,,. Once the process to determine the surface ¥, is described (Section 2.4), an algorithm for the determination
of singularities and the location of different types of cross sections in the hub teeth is presented (Section 2.5). Finally, two
existing procedures to determine the surface ¥, are provided (Section 2.6) for the purpose of comparison.

2.1. Definition of the rack-cutter tooth surface %

Three coordinate systems are considered for the definition of the surface X as is illustrated in Fig. 3: (i) the system Sg
is attached to the rack-cutter profile and allows the surface parameter u to be defined, (ii) the system S, is located with
its origin O, at a distance wm/4 from the origin O,, where m is the module of the gear coupling, and (iii) the system S,
allows the other surface parameter, v, to be defined by locating the origin O, and coordinate axes x; and yj, at section t —¢t
(Fig. 3(b)).

The rack-cutter tooth surface X is obtained in the system S. as

re(u, V) = Mcp (V)MpaFa (1) (1)
1 0 0 O Fsinae Fcosa O j:? u
re(u,v) = 0 1 00 cose  Fsina O 0 0 2)
o 0 0 1 v 0 0 1 0 0
0 0 0 1 0 0 0 1 1
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Fig. 4. Determination of the active hob thread surface X q.

where « is the pressure angle of the coupling. The upper sign is applied to the right side whereas the lower sign is applied
to the left side of the rack-cutter tooth.

When profile crowning is required to avoid edge contact at the tips of the hub and sleeve teeth (Fig. 3(c)), the vector
ra(u) is obtained as

ra(uw)=[u au* 0 1| (3)

where ap is a parabola coefficient.

2.2. Generation of the active hob thread surface Ty q

Fig. 4 shows the coordinate systems that are considered to determine the active hob thread surface ¥ 4. The coordinate
systems Sy and S are rigidly connected to the hob and the rack-cutter, respectively. The system S; is a fixed coordinate
system where the rotation of the hob is taken into consideration through the angle v,. The system S, is an auxiliary
coordinate system attached to the rack-cutter that allows the cutter to be positioned on the hob using the lead angle Ay,.
The systems Sy, and S; are displaced the value ¥,y in the direction of the axis x;, which is parallel to the axis Xs. Here,
rw is the pitch radius of the hob and coincides with the shortest distance between the axis x, and x f-

The surface ¥, 4 can be determined as the envelope to the family of generating tooth surfaces X in the system S,, by
simultaneous consideration of the following equations

rw(u, v, ww) = ch(Ww)rc(uy V) (4)
ory Ory ory
u,v, =|—x—+—)-=4—=0 5
Fr (v, Yo (BuX8v>8ww (5)
where
ch = waMmemc

Cos Yy sinyp, 0 O 1 0 0 -ryYw sinA, 0 —cosA, O
—sinyn, cosyy, 0 O 0 1 0 Tw 0 1 0 0 (6)

- 0 0 1 0 0 0 1 0 "l coshy O sin Ay 0

0 0 0 1 0 0 O 1 0 0 0 1

and f; (u, v, ¥w) = 0 is the equation of meshing.
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Fig. 5. Definition of the hob tip edge.

2.3. Determination of the tip edge surface X of the hob thread

The surface X, is built directly on the system S, as a helicoid with surface parameters 1 and §. The tip edge is first
defined on the plane x,, = 0 (Fig. 5). Points Q and Q' are the left and right joint points between the active profile and the

tip edge of the hob thread at each side. The unit normals n(Q) and n\(/ers) can be obtained on the plane (yw,zw) as

Orw |
@ _; Qu "M
n o = iw x T (7)
au |U Uqg
Ory |
. u uQ,
n(®) = iy x U (8)
ory,
au |Ll LlQr
The following condition determines the parameter ug (and ug,) of the point Q (and Q)
Yw + nW,ypedge =Tw+ hwa - ,Oedge (9)
where hyq is the addendum and peqg is the tip edge radius of the hob.
The center points Oj; and Oy are then computed as
r\(/\(/)lS) = r\(NQ) + pedgen‘(,sl)s (10)
r\(/\?m) (Q ) + pedgenf'\?rz (11)
Next, the tip edges are defined as
1) = 1% + Deggel0 cosyp —siny 1] (12)
Y = 10" + Peggel0 cosn +sinng 1] (13)
where
Nmin <1 < NMmax  Nmin =0 Nmax = arccos(— n‘(NQl)S Jw) (14)

To define the tip edge surface of the hob thread as a helicoid, a screw motion is applied to the previously determined
tip edge considering the screw parameter p,

anNW
1 (15)

where pgy is the axial pitch of the hob and N,, the number of threads of the hob.

p:

6
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wo’ T w

Fig. 6. Derivation of the tip edge surface X, of the hob thread.

Fig. 6 shows an auxiliary fixed coordinate system Sgx that coincides with the system S,, when & = 0. Prior to the screw
motion, the tip edges derived in Eqgs. (12), (13) are computed in the system Sgy as

rax(m =00 yw(m) zw(m) 11" (16)

Each thread side is considered independently, but indexes Is and rs are omitted for the purpose of simplicity.

The screw motion implies a rotation § and a displacement pé of the coordinate system S,, with respect to the coordinate
system Sgx (Fig. 6). The system Sy, is another auxiliary coordinate system that displaces with the system S, but does not
rotate. Finally, the tip edge surface X, of the hub thread is determined as

cosd Fsinéd 0 O

+sind s 0 0
l‘W(lS, 7]) = Mw,ax(a)rax(n) = S(l)n COOS 1 pa rax(n) (17)
0 0 0 1

Here, the upper sign is applied to a hob with a right hand helix whereas the lower sign is for a hob with a left hand helix.

2.4. Generation of the hub tooth surface X,

The hub tooth surface ¥y is composed of the active tooth surface %, 5, and the fillet tooth surface Xy ;. The surface %, ,
is generated by the active hob thread surface X q, and the surface ¥y f is generated by the tip edge surface X of the hob
thread. Fig. 7 shows the coordinate systems that are involved in the generation process. The system Sy is a fixed coordinate
system where rotation of the hub occurs. The auxiliary coordinate systems S, and S, displace with the hob through a curved
tool path of radius rg. The system S, allows the system S, to be positioned considering the lead angle of the hob A, which
is given as

pCIXNW
2Ty

The system Sy, rigidly connected to the hob, moves with the systems S, and S;, and in addition rotates the angle ¢u.
Similarly, the system S, is rigidly connected to the hub and rotates the angle y;,, which is given as

Aw = arctan (18)

Ny
Yy = ¢WN—h (19)

where Nj, is the number of teeth of the hub.
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Fig. 7. Derivation of the hub tooth surfaces %, and % ;.

The generation is considered as a double-enveloping process [17], represented with two independent parameters, ¢, and
Sw. To determine the active hub tooth surface X ,;, coordinate transformation from system Sy, to system Sy

2 (U, U, Yy, Sw, Gw) = Mpy (Sw, Pu)Tw (U, U, Yry) (20)

and corresponding equations of meshing (Eqn 21, 22 and 23-23) are solved.

vt = (G o) Do 0 (21)

A=

_ arh.a arh,a arh,a _

H(u,v,sw, dw) = ( 7 X P . e =0 (22)
_ 81‘1“ Brh,a al'h'a _

f3(u,1), 5w9¢w) = ( U X D ' 8Sw =0 (23)

Likewise, the fillet hub tooth surface X, ; can be determined with the same coordinate transformation
Th£(1. 8. Sw. Pw) = My (Sw. w)rw (1), 8) (24)
and corresponding equations of meshing (25,26).

al'h_f 8rh.f al'h.f

fa(n. 0, 5w, Pw) = (877 X 85) . m =0 (25)

Ory ¢ 31‘h,f> ] Orpp 0 (26)

f5(nv85SWs¢W)= (87’]><88 m_

The matrix My, (Sw, ¢w) is given by Mgw = MpsMg, MpnMpw, where

cosy, sinyp, O O 1 0 O 0
| —siny, cosyy, O O {0 1 0 ry+rw+xpm—Ahy
M = 0 0 10 Mp=10 0 1 Sw (27)
0 0 0 1 0 0 O 1
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Fig. 8. Hub tooth geometry: (a) different types of cross sections, and (b) algorithm to detect undercutting and identify the region for each cross section.

—sinAy, O COS Ay 0 —COS ¢y sin ¢y, 0 0
_ 0 1 0 0 _ | —singyy —cos¢p 0 O

Mpn =] _ coshy, O —sinA, O My = 0 0 1 0 (28)
0 0 0 1 0 0 0 1

Here, ry, is the pitch radius of the hub, x is a generating shift coefficient, and Ahy =15 — ré — s, represents the plunging

of the hob when a circular tool path is applied. A negative generating shift coefficient is usually considered when some
backlash between the hub and the sleeve teeth is required.

2.5. Singularities in the generation of the hub tooth surface ¥,

When the hub comprises highly crowned tooth surfaces, an algorithm to detect undercutting is required to generate the
hub teeth with different types of cross sections as illustrated in Fig. 8(a). This algorithm allows to detect three different types
of cross sections and determine the interval of values for the profile and fillet parameters at each type of cross section. The
three different types of cross sections in the hub tooth surface X, are shown in Fig. 8(a): (i) a no-undercutting region where
tangency between the surfaces %, and X ¢ is observed, (ii) an undercutting region where the tangency between % ,
and X, ; is not observed, and (iii) an only-fillet region where just the surface X ; exists. The only-fillet and undercutting
regions can be prevented by shortening the face width of the hub or by increasing the tool path radius rg. Nevertheless,
such options are not possible in some hub designs, where space is a constraint and the teeth are manufactured directly on
a shaft with highly crowned tooth surfaces to absorb high misalignments [26].

The following algorithm (Fig. 8(b)) was applied to each cross section of the hub tooth to identify its region and determine
its geometry:

Step 1 The coordinate zj, j={1,...,n;}, of the hub tooth is given for each cross section j of a total of n; sections. The
hub tip height h¢(z;) is determined at each cross section (Fig. 9)

he (z;) = 14 + hpg — Ta[1 — cos 1 (2;)] (29)

7.
where ry =rg — 1w — xpm + hye and p(z;) = arcsin (r—’> Here, hy, is the hub addendum.
o

9
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Fig. 9. Derivation of the hub tip height h;.

Step 2 Variation of the surface parameter u determines the active profile of the cross section considering the following
set of equations

Tha (U, V, Y, Sw, Pw) = My (Sw, Qw)Tw (U, v, Yy)
fiw,v, Yw) =0
LU, v, 50, dw) =0 (30)
f3(u, v, 5w, dw) =0
fo(u, v, Yrw, Sw, Pw) =2, —2; =0

Equations f; =0, f, =0 and f; = 0 correspond to equations (21), (22) and (23), respectively.

Step 3 The tooth profile radii p;, i={1,...,n;}, are computed considering n; points along the active profile of the cross
section. The surface parameter u is varied from u;, (at the tip of the hub tooth) to umax (at the bottom of the
hub profile). Thus, Fig. 10(a) shows how the radii are computed from the tip to the bottom of the active profile as
i = /X2 +y2 with piq < pj.

Step 4 When p;,1 < p;, the active profile is free of singularities and the cross section of the tooth is located in the no-
undercutting region (i). In the case that p;,; > p;, tangency no longer exists between the active profile and the fillet
due to the presence of a second branch (Fig. 10(b)). For the first occurrence i in which p;,1 > p;, the parameter us
of the singular point is obtained.

Step 5 In the case of singularity existence, intersection between the active profile and the fillet (Fig. 10(b)) is determined
as follows:

(a) Set of equations (30) represent the active profile of the cross section with surface parameter vy, < u < us.
(b) A second set of equations (31) represent the fillet profile of the cross section with surface parameter 7,;, <

1 < Nmax
£(1, 8, Sw, Pw) = Mpy (Sw, Pw)tw (1, 8)
fa(n, 8. 5w, pw) =0 (31)

fs(0.8,5w, Pw) =0
f7(1.8, 5w, pw) =2 —2; =0
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Fig. 10. Hub tooth cross section: (a) without undercutting, and (b) with undercutting.

Equations f4 =0 and fs = 0 correspond to equations (25) and (26), respectively.
(c) The intersection of the active and fillet profiles solving both sets of equations, (30) and (31), enables surface
parameters u;, and n;, to be determined.
(d) The corresponding radius of the intersection point between the active profile and the fillet is established as
Pin = /[0 Win) 12 + [ya (ttin) 12
Step 6 When p;; < ht(z;), the cross section will be located in the undercutting region (ii), where the active profile is
generated with upy,;, < u < uy,, and the fillet profile with 9y, < 7 < 1. In contrast, if p;, > ht(z;) the cross section
will be located in the only-fillet region (iii). In this case, the fillet is generated with nynin < 7 < Njpax, Where 17/
is determined by simultaneous consideration of the set of equations (31) and the following additional equation

fa(1,8, 5w, pw) =X +yj; —hi (z)) =0 (32)

2.6. Simplified models for generation of the hub

Two simplified models presented in the literature for the generation of a hub by a hob have been implemented for the
purpose of comparison with the proposed model.

2.6.1. Model 1

The first model is described in [15] and illustrated in Fig. 11. A cutting edge is defined considering the profile parameter u
in the coordinate system S.. The system S is rigidly connected to the auxiliary system Sy, and rotates the angle # around
axis xm. Parameters u and 6 define a generating surface X, in the coordinate system S,. The displacement r,yr, of the
surface X¥,, rigidly connected to the system S,, is accompanied by the rotation i, of the hub. This model obtains the hub
tooth surface in a single-enveloping process, with ¥, as the generalized parameter of generation in accordance with the
theory of gearing [17].

2.6.2. Model 2

The second model is reported in [3] and [15] and illustrated in Fig. 12. In this case, the hub tooth surface is obtained
as a set of independent cross sections, each one generated by a cutting edge defined in the coordinate system S.. For the
positioning of each cutting edge over the hub, a different generating shift coefficient x; is used. The displacement r,yr,; of
the cutting edge is accompanied by the rotation v; of the hub. Each hub tooth profile i is obtained in a single-enveloping
process with v, as the generalized parameter of generation. This is also a single enveloping process [17]. In this model,
derivation of the normal of the hub tooth surface is not straightforward and requires consideration of u and z; as surface
parameters of the theoretical generating tool surface.

3. Unloaded tooth contact and clearance analyses
Unloaded tooth contact and clearance analyses of the gear coupling are carried out assuming that a misalignment y
is present between the sleeve and the hub. The sleeve model is based on involute tooth surfaces and can be obtained as

explained in Appendix A. Fig. 13 shows a fixed coordinate system S; where the hub and the sleeve models are assembled.

1
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Fig. 11. Derivation of the hub tooth surface in model 1.

The systems S;, and Sg are rigidly connected to the hub and the sleeve models, respectively. The sleeve model is mounted in
the system Sy with a misalignment y around the axis y, which coincides with the axis yg. While the sleeve model is held at
rest, the hub model can rotate the angle ¢, until one of its teeth makes contact with one sleeve tooth. A counterclockwise
rotation of the hub model is supposed.

Point contact is assumed between the surfaces X, and g due to the double crowned tooth surfaces of the hub model.
The following algorithm (divided in 8 steps) was applied to determine the contact point at one pair of teeth, and the
clearance for those remaining:

Step 1 The tooth of the hub whose symmetry axis is perpendicular to the misalignment plane for ¢, = 0 is assumed to be
the first tooth to make contact with a tooth of the sleeve model [2]. Assuming, for the purpose of simplicity, that
(up, vy) are the surface parameters of surface ¥, (located at the left side of the tooth that comes into contact), the
following coordinate transformation represents the surface X, in the system Sy as

") (uy, vy, dn) = Mgy ()0 (1, V) (33)
Here,
cos¢, sing, 0 O
T si(l)l ®n Cof)fph (1) 8 G
0 0 0 1

where ¢y, is the angle of rotation of the hub to make contact with the sleeve. The variables (uy, vy, ¢y) are the
unknowns for the sought-for contact point.
Step 2 The unit normal to surface ¥ at the sought-for contact point can be obtained in the system Sy as

o on,
au,, 3vh
8l'h Brh
1 1
Buh th

0" (up,, vy ¢y) = L (1) (35)

where the matrix Ly, is of 3 x 3 order and can be determined from the matrix Mg, by eliminating the last row and
the last column.
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Fig. 12. Derivation of the hub cross sections in model 2.

YpY,

Fig. 13. Coordinate systems applied for the positioning of a gear coupling with shaft misalignment angle y.

Step 3 The surface Xg, located at the left side of the tooth space whose symmetry axis is yg, is considered to make contact
with the surface X;. Assuming, for the purpose of simplicity, that (ug, vg) are the surface parameters of the surface
Y, the following coordinate transformation allows the surface ¥g to be represented in the system S

l,Esleeve) (ug’ Ug) = Mfgrg(ug, Ug) >
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Yy Y; th =y

assumed tooth in contact h

(a) (b)

Fig. 14. Derivation of tooth surfaces X" at the hub.

Here,
cosy 0 -—siny O
0 1 0 0
Mz = | sin y 0 «cosy O (37)
0 0 0 1
where (ug, Vg) are the unknowns of the sought-for contact point.
Step 4 The unit normal to surface X, at the sought-for contact point can be obtained in the system Sy as
r T
ngsleeve)(ug, Ug) — Lfg 5 g g (38)
rg Org
ket Ottt 4
dug = Vg

where the matrix L, is of 3 x 3 order and can be determined from the matrix Mg, by eliminating the last row and
the last column.
Step 5 A system of five independent scalar equations and unknowns {uy, vy, ¢y, Ug Vg} is defined as

™ (uy, vy, ) = £ (g, vg) (39)

0™ (uy, vy, pp) = ¥ (ug, vg) (40)

Equation (40) represents only two independent scalar equations since |n§h”b)| = [n9] = 1.

Step 6 The surfaces E,Ei) and Zg(i). i={1,...,N, — 1}, of adjacent teeth are assumed not to be in contact, since contacting
tooth surfaces X, and X are considered to be rigid. Clearance at each adjacent pair of teeth is determined from
this step on. The coordinate systems S;, i = {1, ..., N, — 1}, are used to define surfaces 21?) and Eé‘) as illustrated
in Fig. 14

ri (Up, Vy) = MipIy (U, Vp) (41)
T (Ug, Vg) = Mg (g, Vg) (42)
Here,
— .l oon
cos (1: an) sin (1'~ g) 0 0
M, — —sm(z-N—h) cos(l-N—h 0 0 (43)
0 0 1 0
0 0 0 1
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Table 1
Design data of the spherical gear coupling.
Design parameter [units]  Hub Sleeve
Tooth number, Ny 13
Pressure angle, « deg 30.0
Module, m mm 3.0
Face width, F mm 30.0
Generating shift coefficient, x -0.058  -0.035
Addendum, hy, mm 0.5m
Deddendum, hy¢ mm 0.9m
Table 2
Design data of the hob.
Design parameter [units]  Value
Face width, F, mm 80.0
Number of threads, Ny, 1
Helix hand Right
Pitch radius, r mm 30.875
Lead angle, X, deg 2.7847
Addendum, hyyq mm 0.9m
Deddendum, h,,¢ mm 0.5m
Tip radius, Qegge mm 0.4m

Step 7 Steps from 1 to 5 are repeated for each pair of tooth surfaces Zlfli) and Eéi), and the angle ¢ ; of rotation of the
hub is calculated to obtain a potential contact point for each pair of teeth where there is some clearance. If the
deformation of the tooth is sufficient to allow contact, the potential contact point will become a point of contact
between the tooth surfaces E,(l’) and Eé’). Likewise, if the potential contact point is outside the boundaries of the
tooth surface, it is disregarded. )

Step 8 When a pair of tooth surfaces Z,S') and Eg(’) have a potential contact point, the clearance ¢;, i ={1,...,N, — 1}, is
calculated as

Ci= %((ph,i — ¢p)mN; cosa (44)

4. Results

The design data of a spherical gear coupling are shown in Table 1. The generating shift coefficients x set out in
Table 1 are determined with a tolerance class H7/d7 in accordance with ISO 4156 [27].

These coefficients allow the hub and the sleeve to be generated with a tooth thickness that guarantees the existence of
backlash between both splines in the middle cross section. A tool path radius of rg =49.0 mm is assumed to guarantee
existence of backlash between both splines along the face width and for a misalignment angle of ymax = 6.0°. The design
data of the hob to generate the hub are shown in Table 2.

4.1. Geometry comparison

Fig. 15 shows a comparison between the hub tooth surface ¥, of the proposed model and the tooth surface ¥, of
the simplified model 1, for both tooth sides. A similar comparison between X, and the surface X, of the simplified
model 2 is illustrated in Fig. 16. The normal distances from the surface ¥, to the surfaces X,; and X, are used to
compare the geometry. These normal deviations are plotted in the radial projection of the hub tooth with axis z, and
the radial position p; = (xﬁ +yﬁ)1/2. The comparisons are limited to the interval z, € [-9.0, +9.0] mm, where the maximum
deviations reach about 200 m in model 1 and 600 m in model 2. Furthermore, it is important to point out that the Stan-
dard ISO 4156 [27] establishes a maximum deviation allowance of the tooth surfaces as 59 m for a standard coupling of
m =3 mm, z = 13, and tolerance class 7. This means that the obtained deviations between the three models are significant.

The geometry comparison shows that the differences between the compared models arise further away from the middle
plane z;, = 0. Here, at z; = 0, the three models provide the same cross section.

On the other hand, Fig. 15 shows that the results obtained for the interval z, € [0.0,+9.0] mm in the left tooth
side (Fig. 15(a)) are exactly the same as those obtained for the interval z; € [-9.0, 0.0] mm in the right tooth side (Fig. 15(b)),
and viceversa. The same observation can be made comparing Fig. 16(a) and 16(b). Since the simplified models do not cause
asymmetry in the tooth profiles, this is evidence that the proposed model of generation by a hob is introducing some asym-
metry as a consequence of the twist of the tooth surfaces. This phenomenon has been observed in helical gears generated
by a hob [28-30], and also in spur gears generated by a hob, although in the latter case it was said to be negligible [31].

15
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Fig. 15. Normal deviations between X, and X : (a) left tooth side, and (b) right tooth side.
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Fig. 16. Normal deviations between X, and X;: (a) left tooth side, and (b) right tooth side.

However, the effect is more notable in spherical gear couplings, as suggested by [12], and may lead to a reduction of the
load capacity.

The three models were also compared in terms of the minimum coordinate z, of the first cross section of the hub tooth
where undercutting appears. Fig. 17(a) shows that undercutting emerges at coordinate z; = 6.85 mm in the proposed model,
and z; = 9.45 mm in model 2. The location of the cross section where undercutting appears in model 1, z; = 7.20 mm, is
very close to that of the proposed model and is not represented in Fig. 17(a) for the purpose of clarity. Fig. 17(b) shows
the cross sections of the hub space for the three models at coordinate z;, = 6.85 mm, where greater differences can be seen
in model 2 than in model 1. It is expected that such differences might have an important effect on the predicted bending
strength of the hub, due to the reduction in the tooth thickness. Fig. 17(b) illustrates as well that the tooth profiles of the
proposed model are non-symmetric.

In addition, an advantage of the proposed model for hub generation is that it is a procedure focused on the tool path of
the hob, in contrast to the other models here compared. Fig. 18(a) shows two possible tool paths: (i) a circular tool path,
and (ii) a circular tool path with the influence of the entry and exit of the tool in the hub geometry. Tool entry and exit
are relevant to the tooth geometry as stated in AGMA 945-1-B20 [32], especially in those geometries where the teeth are
manufactured directly on a shaft and significant reduction of the tooth thickness is undesirable.

16
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Fig. 17. (a) location of first appearance of undercutting in X, and X, and (b) hub space cross section comparison at z; = 6.85 mm for X, ;1 and ;.
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Fig. 18. Tool path entry/exit influence on X,: (a) two types of tool paths, (b) X, using a circular tool path, and (c) X, using a circular tool path with tool
entry and exit influence.

Fig. 18 (a) shows that tool entry and exit are controlled through the location of the inflection points I and I’, and the
curvatures of those tool path sections. Fig. 18(b) illustrates the effect on the hub tooth of a circular path without considering
tool entry and exit, and Fig. 18 (c) takes into account its effect. To obtain this geometry with the effect of tool entry and
exit, I and I points are located at z; = +15.0 mm, respectively, and a curvature radii for entry and exit sections equal
to the circular tool path radius rg is used. From both geometries it can be concluded that taking into account the tool
entry and exit, a larger face width hub can be generated, preventing the rapid reduction of the tooth thickness, as shown
in Fig. 18(b).
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Fig. 19. TCA results: (a) contact points for different values of misalignment angle y, (b) contact point and potential contact points for y = 6.0°.
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Fig. 20. Clearance values for the potential contact points in case of: (a) y = 1.0°, and (b) y = 6.0°.

4.2. Unloaded tooth contact and clearance analyses

The results of the tooth contact and clearance analyses of the gear coupling under different values of misalignment y
are illustrated in Figs. 19 and 20. In this section, just the proposed model and model 1 of the hub are being compared, since
important geometry differences between the proposed model and model 2 were observed in Section 4.1.
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For this analysis, a parabola coefficient a, = 0.001 mm~! (Fig. 3(c)) was used in the generation of the hub to prevent
edge contact at the tips of the hub and the sleeve. Fig. 19(a) shows the contact points of the first pair of teeth that comes
into contact for misalignment angles y = {1°,2°,3°,4°,5° 6°}. The effect of contact points moving away from the center
plane z, = 0 as misalignment increases is in agreement with the literature [12]. The location of the contact points are very
similar between the proposed model and model 1 of the hub, although differences increase with the rise of the misalign-
ment angle, up to 144.0 m in coordinate z;, when y = 6.0°.

Fig. 19 (a) also depicts the potential contact points for the proposed model of the hub when y = 1.0°. Twelve potential
contact points are found, numbered from i =1 to i = 12 (see also Fig. 14(b)). The locations of the potential contact points
for model 1 are very similar to those of the proposed model when y = 1.0°, and are not included for clarity. It can also be
seen that most of the potential contact points are located below the pitch cylinder of the hub. However, it is expected that
the load will cause the contact pattern to be spread over the pitch cylinder [33].

As the misalignment angle increases, not all the tooth pairs have a potential contact point, as those which are out of
the hub surface boundaries are disregarded. In case of y = 6°, just seven potential contact points are found, in both the
proposed model and in model 1 (see Fig. 19(b)).

Clearance distribution is a key parameter to predict load distribution in gear couplings particularly in misaligned condi-
tions, due to its variation along the angular position [2,34,35]. In consequence, Fig. 20 shows clearance distribution at two
misalignment angles for those pairs of tooth surfaces 2,5’) and Eé') that have a potential contact point. It can be observed
that clearance is minimum in the pure tilting area (around 0° and 180° of the angular rotation), while it increases in the
pure pivoting area (around 90° and 180°), in accordance with the literature. In the case y =1.0° (Fig. 20(a)), for all the
twelve potential contact points found, the clearance distribution and values are very similar for both models of the hub.
However, when the misalignment angle is y = 6.0° (Fig. 20(b)), with only seven potential contact points, the differences in
the clearance between the proposed model and model 1 are much higher. These deviations may affect load sharing between
the teeth of the coupling, as reported in [6,36].

5. Conclusions

This paper presents a procedure to generate an external spherical spline by a hob. This procedure aims to provide a more
accurate simulation method for this type of generation process, than methods existing in the scientific literature. To this end,
the procedure considers a hob thread surface as a set of cutting edges acting simultaneously during the generation. It makes
possible the generation of profiles with undercutting that may appear in the manufacturing of spherical hubs, especially
when highly crowned tooth surfaces are required to absorb misalignments above 3°. Moreover, the model presented here
can be easily adapted to different tool paths in order to analyze its influence in the generated geometry.

The proposed model for generation of the hub is compared with two existing models in the literature and the following
conclusions can be drawn:

(1) The normal deviations between the hub tooth surface of the proposed model and that of the existing models are
significant when a high value of crowning is applied to the tooth surface. These differences exceed the maximum
deviation allowance established in Standard ISO 4156 [27], especially in the cross sections away from the middle
section of the hub.

(2) The prediction of existence of undercutting is closer to the middle cross section according to the proposed model,
than that predicted by the existing models. These differences may affect the calculated bending strength of the hub.

(3) The investigation reveals that the proposed model can be easily adapted to follow different tool paths. In this sense,
the tool path, which considers the tool entry and exit, is important to obtain larger face widths without thinning
the teeth. This will be highly useful in applications where space is limited and the teeth of the hub are directly
manufactured on a shaft.

(4) Differences between the proposed model and model 1 of the hub are observed in the location of the contact points
and in the clearance values, which may affect contact conditions and thus load distribution. The proposed model
predicts slightly larger shifts of the contact points and slightly higher values of clearance than those predicted by the
model 1 when misalignment error is present.

The proposed model allows for future work to focus on the optimization of the hub geometry, either through an ap-

propriate tool path of the hob or an appropriate profile crowning of the hub teeth, to balance the clearances, increase the
contact ratio and reduce contact and bending stresses of spherical gear couplings.
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Appendix A. Generation of the sleeve model

Generation of the sleeve tooth surface Xz by a shaper requires prior determination of the shaper tooth surface Xs. For
that purpose, the standard rack-cutter tooth surface 3. is defined in Section 2.1 as the generating surface of X. Finally, the
sleeve tooth surface Xg is determined.

Al. Generation of the shaper tooth surface ¥

Fig. A.21 (a) shows the coordinate systems considered to determine the shaper tooth surface ¥;. The coordinate sys-
tems Ss and S are rigidly connected to the shaper and to the rack-cutter, respectively. The system S, is a fixed coordinate
system where the rotation of the shaper is taken into account through the angle v;. The system S. displaces the value r
in the direction of the axis x., which is parallel to the axis x,. Here, rs is the pitch radius of the shaper and coincides with
the shortest distance between the axes x. and x;,.

Surface ¥ can be determined as the envelope to the family of generating tooth surfaces X, in the system S by simul-
taneous consideration of the following equations

s (U, v, ¥s) = Msc (Ys)re (1, v) (A1)
%) R} ¢ ar
f1(u,v,1/fs)=(ajxa;)~avj =0 (A2)
S
Here,

cosys sinyygs 0 O 1 0 0 -1
—si 0 0 0 1 0

M;c = MMy, = Sl(l)l I)[,S COZWS 1 0 0 0 1 T(')S (A3)

0 0 0 1 0 0 O 1

The shaper teeth are rounded at the tip by considering a tip edge radius. The procedure to define the tip edge of the
shaper is similar to the one described for the tip edge of the hob (Section 2.3) and is not described for the purpose of
simplicity.

A2. Generation of the sleeve tooth surface Xg

Fig. A.21 (b) shows the coordinate systems that are involved in the generation process of the sleeve by a shaper. The
system Sy is a fixed coordinate system where rotation of the sleeve is considered. Similarly, system S, is an auxiliary fixed

Fig. A.21. Definition of the sleeve model: (a) generation of the shaper tooth surface X, and (b) generation of the sleeve tooth surface Xg.

20



A. Ifiurritegui, I. Gonzalez-Perez, A. Arana et al. Mechanism and Machine Theory 164 (2021) 104408

coordinate system where rotation of the shaper occurs. The system S, rigidly connected to the shaper, rotates the angle ¢
while the system Sg, rigidly connected to the sleeve, rotates the angle v, which is given as

Vg = ¢S% (A4)

where N, is the number of teeth of the hub (which is equal to that of the sleeve in a gear coupling) and Ns is the number
of teeth in the shaper.

The surface g is determined as the envelope to the family of surfaces X; in coordinate system Sg by simultaneous
consideration of the following equations

rg(u,v, Vs, ¢s) = Mgs(¢s)rs (u, v, Yrs) (A.5)
[ 0rs _ Ors ors
fi(u, v, ) = (E)u X 31}) : Vs =0 (A.6)
[ Org _Org\ Org
Hu,v, ¥, ¢5) = <8u X 31/) : 3ps 0 (A7)
Here, Mgs is the matrix for coordinate transformation from the system Ss to the system Sg
Mgs = Mnganns (A-8)
cos g sinfy; 0 O 1 0 O 0 cos¢s —sings 0 O
M — |~ sinyyg cosyy; 0 O 0 1 0 rg—rs—xgm singgs cos¢ps O O (A.9)
&= 0 0 1 0 0 0 1 0 ’ 0 0 1 0 ’
0 0 0 1 0 0 O 1 0 0 0 1

where g is the pitch radius of the sleeve and xg is a generating shift coefficient. A negative value of x; may be applied to
produce some backlash between the hub and the sleeve teeth.
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