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 a b s t r a c t

Ball screw mechanisms are widely used in precision applications due to their high stiffness and 
efficiency. However, unlike ball bearings, the helical geometry of ball screws leads to multidirec-
tional contact kinematics, which significantly influence friction, wear, and overall performance. 
In the classical contact kinematic formulation, the velocity components of the ball are not fully 
projected onto the contact interface, resulting in significant errors in the calculation of contact 
kinematics.
 This work presents a revised contact kinematic formulation considering all the missing com-
ponents, and revealing substantial differences in the prediction which alters the conventional 
understanding of contact kinematics in ball screws. The contact kinematics are broken down into 
their fundamental components-rolling, side, and spinning slip-and analytical expressions for each 
are introduced. A new characterisation framework based on three independent variables is pro-
posed, quantifying the distinct effects of rolling, side, and spinning motion more comprehensively 
than traditional single SRR.
 The proposed model is first validated against a well-established ball bearing formulation (i.e. 
ball screw with no lead), confirming its accuracy under such geometry. At the ball screw scale, 
the results reveal substantial deviations from existing models. Side slip emerges as the domi-
nant mechanism, fundamentally revising the conventional interpretation of contact kinematics. 
Furthermore, the new three-variable framework enables a more complete and accurate char-
acterisation of the contact behaviour, offering valuable insights for tribological modelling and 
performance optimisation. Finally, a parametric analysis is conducted to examine the influence 
of key kinematic constraints on the sliding behaviour, highlighting the independent role of each 
in defining the contact kinematics.

1.  Introduction

Ball screw mechanisms are mechanical components that convert rotational motion into linear displacement or vice versa. They 
are widely used in industrial applications such as machine tools and automation systems due to their high positioning accuracy and 
efficiency [1–4]. Unlike power screw mechanisms, ball screws incorporate balls that roll between raceways, significantly reducing 
friction and improving mechanical efficiency [5,6].

Ball screws operate in demanding environments such as precision machine tools, aerospace actuators, and advanced automation 
systems, where accurate prediction of dynamic performance, durability, and service life is essential. Meeting these requirements is 
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\begin {equation}\mathrm {\bold {A}}^{01} = \begin {bmatrix} \cos \theta & \sin \theta & 0 \\ -\sin \theta & \cos \theta & 0 \\ 0 & 0 & 1 \end {bmatrix} \label {Xeqn1-1}\end {equation}
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\begin {equation}\mathrm {\bold {A}}^{12} = \begin {bmatrix} 0 & \cos \psi & \sin \psi \\ -1 & 0 & 0 \\ 0 & -\sin \psi & \cos \psi \end {bmatrix} \label {Xeqn2-2}\end {equation}
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\begin {equation}\mathrm {\bold {A}}^{23k} = \begin {bmatrix} \pm 1 & 0 & 0 \\ 0 & \sin \alpha _k & \cos \alpha _k \\ 0 & \mp \cos \alpha _k & \pm \sin \alpha _k \end {bmatrix} \quad (k = i, o) \label {Xeqn3-3}\end {equation}
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$\left [ \mathrm {\bold {A}} \right ]^{-1} = \left [ \mathrm {\bold {A}} \right ]^\mathrm {T}$


\begin {equation}a_{H,k}=\left ( \frac {6k^2\hat {E}W_k\hat {R_k}}{\pi E'} \right )^{1/3}\; \; \;(k=i,o)\label {Eq: Ellipse a}\end {equation}


\begin {equation}b_{H,k}=\left ( \frac {6\hat {E}W_k\hat {R_k}}{\pi E' k} \right )^{1/3}\; \; \;(k=i,o)\label {Eq: Ellipse b}\end {equation}
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\begin {equation}\frac {1}{\hat {R_k}} = \frac {1}{\hat {R_x}} + \frac {1}{\hat {R_y}}. \quad (k = i,o). \label {Eq:Curvature generic}\end {equation}


\begin {equation}\frac {1}{\hat {R_o}} = \left ( \frac {1}{r_{ball,x}} + \frac {1}{r_{nut,x}} \right ) + \left ( \frac {1}{r_{ball,y}} + \frac {1}{r_{nut,y}} \right ) \label {Eq:Curvature nut}\end {equation}


\begin {equation}\frac {1}{\hat {R_i}} = \left ( \frac {1}{r_{ball,x}} + \frac {1}{r_{screw,x}} \right ) + \left ( \frac {1}{r_{ball,y}} + \frac {1}{r_{screw,y}} \right ) \label {Eq:Curvature screw}\end {equation}
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\begin {equation}r_{nut,x} = -\frac {r_m + r_o\cos \alpha _o\cos ^2\psi }{\cos \alpha _o\cos ^2\psi }, \label {Eq:Curvature nut Bertolino}\end {equation}


\begin {equation}r_{screw,x} = \frac {r_m - r_i\cos \alpha _i\cos ^2\psi }{\cos \alpha _i\cos ^2\psi } \label {Eq:Curvature screw Bertolino}\end {equation}


$r_m$


$\psi $


$\left (x_k,y_k\right )$


\begin {equation}\mathrm {\bold {r}}_{o'k}^{0}=\mathrm {\bold {r}}_{o'o}^{0}+[\mathrm {\bold {A}}^{10}][\mathrm {\bold {A}}^{21}][\mathrm {\bold {A}}^{3_k2}]\mathrm {\bold {r}}_{ok}^{3_k}\; \; \;(k=i,o)\label {Eq:Pos_vector_s}\end {equation}
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\begin {equation}\mathrm {\bold {r}}_{o'o}^{0}= \left \{ {\begin {array}{*{20}{c}} r_m\,\cos \,\theta \\ r_m\,\sin \,\theta \\ \theta \, (L/2\pi )\\ \end {array}} \right \}_{0} \label {Xeqn12-12}\end {equation}


\begin {equation}\mathrm {\bold {r}}_{ok}^{3_k}= \left \{ {\begin {array}{*{20}{c}} x_k\\ y_k\\ -S_k\\ \end {array}} \right \}_{3_k} \; \; \;(k=i,o) \label {Xeqn13-13}\end {equation}


$L=2\pi \,r_m\tan \,\psi $
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\begin {equation}S_k= \left ( R_{k}^2 - y_{k}^2 \right )^{1/2} -\left ( {R_{k}^2-a_{H,k}^2}\right )^{1/2} +\left ( \left (D/2 \right )^2-a_{H,k}^2\right )^{1/2}\; \; \;(k=i,o)\label {Eq: Elliptic mean profile}\end {equation}


$a_{H,k}$


$R_k$


\begin {equation}R_{k}=\frac {2r_{k}D}{2r_{k}+D}\; \; \;(k=i,o) \label {Eq:Curvature_radious}\end {equation}


$r_k$


\begin {equation}\mathrm {\bold {r}}_{o'k}^{0}= \left \{\!\! {\begin {array}{*{20}{c}} r_m\,\cos \,\theta \mp x_k\,(\cos \, \psi \,\sin \,\theta )+y_k\,(-\sin \,\alpha _k\,\cos \,\theta +\cos \,\alpha _k\,\sin \psi \,\sin \,\theta ) \mp S_k\, (\cos \,\alpha _k\,\cos \,\theta +\sin \,\alpha _k\,\sin \psi \,\sin \,\theta )\\ r_m\,\sin \,\theta \pm x_k\,(\cos \, \psi \,\cos \,\theta )-y_k\,(\sin \,\alpha _k\,\sin \,\theta +\cos \,\alpha _k\,\sin \psi \,\cos \,\theta )\mp S_k\, (\cos \,\alpha _k\,\sin \,\theta -\sin \,\alpha _k\,\sin \psi \,\cos \,\theta )\\ \theta \, L/2\pi \pm x_k\,\sin \,\psi +y_k\,\cos \alpha _k\,\cos \,\psi \mp S_k\,\sin \,\alpha _k\,\cos \,\psi \end {array}}\!\! \right \}_{0} \quad (k = i, o)\label {Eq: Position vector}\end {equation}
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\begin {equation}\mathrm {\bold {v}}_{so}^{3_o}=\mathrm {\bold {v}}_{ball,o}^{3_o}-\mathrm {\bold {v}}_{nut}^{3_o}\label {eq: Sliding_speed_0}\end {equation}
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\begin {equation}\mathrm {\bold {v}}_{nut}^{3o}=\omega \,\begin {Bmatrix} (L/2\pi )\:\sin \:\psi \\ -(L/2\pi )\,\cos \:\alpha _o\:\cos \:\psi \\ (L/2\pi )\,\sin \:\alpha _o\:\cos \:\psi \end {Bmatrix}_{3_o} \label {Xeqn19-19}\end {equation}
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\begin {equation}\mathrm {\bold {v}}_{screw}^{3_i}= [\mathrm {\bold {A}}^{23_i}]\,[\mathrm {\bold {A}}^{12}]\,[\mathrm {\bold {A}}^{01}] \frac {\mathrm {d}\boldsymbol {r}_{o's}^{0}}{\mathrm {d}t} \label {Xeqn20-20}\end {equation}
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\begin {equation}\mathrm {\bold {v}}_{ball,k}^{3_k}=\mathrm {\bold {v}}_{b1,k}^{3_k}+\mathrm {\bold {v}}_{b2,k}^{3_k}\quad (k = i, o)\label {eq: Sliding_speed_1}\end {equation}
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\begin {equation}\mathrm {\bold {v}}_{b2,k}^{3k} = [\boldsymbol {A}^{23_k}]\, \boldsymbol {\omega }_b^2 \times \boldsymbol {r}_{ok}^{3_k} \quad (k = i, o) \label {Xeqn28-28}\end {equation}
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\begin {equation}v_{{roll,k}}=\omega _k\,\left (\frac {r_m}{\cos \,\psi } \mp S_k \cos \,\alpha _k\,\cos \,\psi \right )- S_k \,(\omega _n \, \sin \,\alpha _k+\omega _b\, \cos \,\alpha _k)\quad (k = i, o)\label {Eq: vx}\end {equation}
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\begin {equation}\omega _{sp,k} = \omega _k\, \cos \psi \sin \alpha _k\mp (\omega _n\,\cos \,\alpha _k-\omega _b\,\sin \,\alpha _k)\quad (k = i, o)\label {Eq: spin}\end {equation}
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\begin {equation}\mathrm {\bold {v}}_{e,k} = \frac {\mathrm {\bold {v}}_{ball,k}+\mathrm {\bold {v}}_{screw/nut}}{2}\quad (k = i, o)\label {Eq: Ent speed}\end {equation}
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\begin {equation}\phi _{k} = \tan ^{-1}\left (\frac {v_{s,y}}{v_{s,x}}\right ) \quad (k = i, o) \label {Xeqn39-39}\end {equation}
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Nomenclature

(𝑂,𝑋, 𝑌 ,𝑍) Absolute coordinate system
(𝑜′, 𝑥′, 𝑦′, 𝑧′) Relative coordinate system of the ball
(𝑜, 𝑡, 𝑛, 𝑏) Frenet-Serret coordiante system
(𝑜𝑖∕𝑜, 𝑥𝑖∕𝑜, 𝑦𝑖∕𝑜, 𝑧𝑖∕𝑜) Coordinate system of the contact
𝐀01 Transform matrix from the absolute coordinate system to the relative coordinate system
𝐀12 Transform matrix from the relative coordinate system to the Frenet coordinate system
𝐀23𝑖 Transform matrix from the ball coordinate system to the inner contact coordinate system
𝐀23𝑜 Transform matrix from the ball coordinate system to the outer contact coordinate system
𝑎𝐻 Semi-major axis of the contact ellipse [mm]
𝑏𝐻 Semi-minor axis of the contact ellipse [mm]
𝐷 Diameter of the ball [mm]
𝑑𝑚 Pitch diameter [mm]
𝐸̂ Complete elliptic integral of the second kind
𝐹𝑎 External axial load [N]
𝑘 Ellipticity parameter
𝐿 Pitch [mm]
𝑅𝑖∕𝑜 Radius of curvature of the inner/ outer deformed surface [mm]
̂𝑅𝑖∕𝑜 Equivalent radius of curvature [mm]

𝑟𝑚 Pitch radius [mm]
𝑟𝑖∕𝑜 Inner/ outer raceway curvature radius [mm]
𝑟′𝑖∕𝑜 Pure rolling radii [mm]
𝐫0𝑜𝑜′ Position vector from the origin to the centre of the ball
𝑟𝑛𝑢𝑡 Principal curvature radii of the nut
𝑟𝑠𝑐𝑟𝑒𝑤 Principal curvature radii of the screw
𝑆𝑖∕𝑜 Distance from the centre of the ball to a point of the deformed surface [mm]
𝑆𝑅𝑅 Slide-to-Roll Ratio [%]
𝑆𝑝 Spin-to-roll ratio [-]
𝑣𝑒 Entrainment speed [m/s]
𝑣𝑏𝑎𝑙𝑙 Velocity of the ball within the contact surface [m/s]
𝑣𝑛𝑢𝑡 Velocity of the nut within the contact surface [m/s]
𝑣𝑟𝑜𝑙𝑙 Rolling slip distribution [m/s]
𝑣𝑠 Sliding velocity within the contact surface [m/s]
𝑣𝑠𝑐𝑟𝑒𝑤 Velocity of the screw within the contact surface [m/s]
𝑣𝑠𝑖𝑑𝑒 Side slip distribution [m/s]
𝑣𝑠𝑝 Spinning slip distribution [m/s]
𝜔 Rotational speed of the screw [rad/s]
𝜔𝑚 Orbital speed of the ball [rad/s]
𝜔𝑅 Angular speed of the ball about its own axis [rad/s]
𝜔𝑠𝑝 Spinning speed of the contact [rad/s]
𝜔𝑡, 𝜔𝑛, 𝜔𝑏 Components of spinning angular velocity in 𝑡-, 𝑛-, 𝑏-directions, respectivelly
𝛼𝑖∕𝑜 Inner/ outer contact angle [◦]
𝛼0 Nominal contact angle [◦]
𝛽 Pitch angle [◦]
𝛽′ Yaw angle [◦]
𝜃 Angular rotation of the Frenet-Serret coordinate [◦]
𝜓 Helix angle [◦]
𝜙 SRR angle [◦]
𝛾 Entrainment speed angle [◦]

challenging because their behaviour is strongly influenced by complex tribological phenomena, efficiency losses, and progressive 
wear. High-fidelity theoretical models are therefore indispensable, not only for providing physical insight and guiding design opti-
misation but also for enabling performance assessment, lifetime estimation, and condition-based maintenance strategies [7]. More 
recently, these models have become key enablers of data-driven approaches for condition monitoring, prognosis, and health man-
agement [8,9]. Advances in artificial intelligence have further expanded this role, with emerging techniques, [10–12], highlighting 
the importance of reliable physical models as foundations for predictive maintenance. Within this context, accurate modelling of 
ball-screw contact kinematics is critical, as they directly govern wear [13] and power losses [14].
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The helical structure of ball screws introduces complexities in kinematic analysis of the balls. The multidirectional motion of the 
ball leads to a non-uniform sliding speed distribution, which includes simultaneous slips in the rolling and transverse direction, as well 
as the spinning motion within the contact interface. Early studies on ball screw kinematics were based on simplifying assumptions 
regarding the motion of the balls. Levit [15] and Drozdov [16] analysed the system under the assumption of a no-slip condition, 
implying that the balls roll without sliding across the contact surface.

The first comprehensive theoretical work of contact kinematics was presented by Lin et al. [17], who derived mathematical 
expressions to calculate the sliding speed distribution across the deformed elliptical contact. Their study demonstrated that both 
rolling and sliding occur simultaneously at the contact interface, refuting the previously assumed no-slip condition. Lin’s formulation 
essentially described the contact interface kinematics on the basis of an assumed load state and global motion of the ball. However, 
these state of the ball were not defined within their framework.

This was later completed by Wei and Lin [18], who developed a comprehensive quasi-static model that simultaneously described 
the load state and global motion of the ball. They calculated the load of the ball from elastic deformation and contact angle varia-
tions, considering inertial forces. The absolute velocity of the ball were described by introducing equations to calculate the orbital 
speed (𝜔𝑚) and the rotational speed of the ball (𝜔𝑅). This study made a key contribution to the contact kinematic modelling of 
ball screws. Building on Lin’s formulation [17], they proposed the Slide-To-Roll Ratio (SRR) as a parameter to quantify sliding in 
ball screw contacts. The SRR is a fundamental parameter in tribology and contact mechanics, commonly used to link contact con-
ditions to key tribological properties such as friction, wear, and lubrication performance [19–21]. Since its introduction by Wei 
and Lin [18], the SRR has been widely adopted in ball screws as a key indicator of sliding behaviour [18,22–30]. However, the 
SRR values obtained in their study were unusually high for rolling elements [31,32], raising questions about the accuracy of their
expressions [29].

Following these two foundational works, both contact load and motion of the ball have been extensively investigated in the 
literature, through quasi-static and dynamic solving strategy schemes [33–36]. The contact load have been extensively analysed 
at different modelling strategies. For example, at high axial loads, the elastic deformations of the nut and screw and generate a 
non-uniform load distribution of the ball through the screw. In order to study load states, finite element-based approaches (FEM) 
have been implemented in the literature [37–42]. By contrast, the kinematics phenomena has consistently been analysed building on 
the theoretical frameworks of Lin et al. [17] and Wei and Lin [18]. Since contact kinematics play a critical role in predicting a wide 
range of physical phenomena, these works have therefore served as the foundation for numerous studies. These include investigations 
into friction torque and efficiency under various conditions [43–48], drag torque behaviour [3,49], lubricated contact performance 
[22,27,30,50], thermo-mechanical modelling [26], and wear prediction [25,28,51–54].

Although the formulations of Lin et al. [17] and Wei and Lin [18] have been widely adopted in the ball screw literature, re-
cent studies have identified certain inaccuracies. Wang et al. [29] found limitations in the contact kinematic formulation, stating 
that the linear velocity component of the ball through the raceways is not accurately calculated. They then compared this ap-
proach against the work of Harris [31] on ball bearings, finding good agreement with the latter and demonstrating that Lin’s 
method significantly overestimates the sliding speed of the contact. Recently, the authors of the present work [55] demon-
strated that the equations proposed by Wei and Lin [18] for calculating the orbital speed (𝜔𝑚) and rotational speed (𝜔𝑅) of the 
ball do not account for the transverse slip component of the raceway. To address this limitation, new equations were derived 
and experimentally validated, showing that the errors in the classical formulation become particularly significant at high helix
angles.

However, while our previous research redefined and validated the description of the absolute motion of the ball, the classical 
formulation of Lin et al. [17], which transforms this global motion into the contact interface kinematics, remains incomplete. Specif-
ically, the velocity components of the ball are not fully projected onto the contact surface, leading to an incomplete description 
of the contact-level kinematics. By incorporating the missing terms, the revised formulation presented in this work yields a sliding 
distribution that departs fundamentally from the classical model.

In contrast to the prevailing understanding, the accurate computation of contact kinematics reveals that side and spinning slip 
components play a far more substantial role in sliding speed distribution. This multidirectional sliding behaviour at the contact 
interface is not unique to ball screws but has also been identified in mechanical systems such as hypoid gears, Wildhaber-Novikov 
gears, and continuously variable transmissions (CVTs) [56–60]. It has also gained increasing relevance in the field of contact tribology 
[61–64]. In these fields, the limitations of the single SRR as a quantifying parameter have long been recognised, leading to the 
introduction of additional indicators to characterise rolling, side, and spinning slip effects [65–69]. Despite these advances, however, 
ball screw analyses in the literature continue to rely exclusively on the single SRR to quantify contact kinematics. This underscores 
the need for a revised quantification framework able to capture the full complexity of contact kinematic behaviour in ball screw 
mechanisms.

This paper revises the contact kinematic formulation of Lin et al. [17], which has served as the fundamental reference in the 
literature for several decades, thereby changing the previous understanding of contact kinematics and introducing a substantial 
theoretical advancement in the field. The revised formulation addresses the identified inaccuracies in the mathematical foundations 
of the classical approach, and offers a comprehensive framework for calculating the sliding speed distribution over the contact 
surface. Furthermore, the sliding speed is broken down into its fundamental components-rolling, side, and spinning slip-and analytical 
expressions for each are introduced. Finally, a new framework is proposed to quantify the sliding speed at the contact. Rather than 
relying on a single SRR parameter, three independent variables are introduced that capture the contact kinematics, providing a 
complete and unambiguous description of sliding behaviour.
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Based on this revised theoretical formulation, the present work addresses the following specific objectives:
• Compare the contact kinematics predicted by the classical literature formulation and the revised model proposed in this work, 
across two configurations: angular contact ball bearing and ball screw geometries.

• Compare the limitations and advantages between single SRR and the proposed three-parameter approach.
• Analyse the individual influence of kinematic constraints-pure rolling radius, pitch angle, and yaw angle-on the contact kinematics.
• Discuss the influence of different methodologies for predicting these kinematic constrains under varying operating conditions.

2.  Theoretical model development

In this section, the theoretical basis of the revised contact kinematic formulation is presented. The formulation is constructed 
under the following general assumptions: 

• The motion is analysed under steady-state conditions, at constant orbital and rotational speeds. 
• The ball and raceways are treated as elastic bodies, and plastic deformations are not included in the formulation. 
• The component-level geometrical dimensions are much larger than the contact interface features. Consequently, Hertzian contact 
theory and Ertel-Grubin assumptions can be applied: (i) the contact surfaces are assumed to be paraboloid, smooth and continuous, 
and (ii) film thickness is considered constant with minor dimensional variations that arise from lubricant film thickness being 
neglected.

2.1.  Definition of the coordinate systems

The kinematic model of the ball screw mechanism is constructed using four coordinate systems, as illustrated in Fig. 1:
(1) Absolute coordinate system [𝑂,𝑋, 𝑌 ,𝑍]: The origin 𝑂 is fixed in space and located at one end of the screw. The 𝑍 axis is collinear 

with the rotation axis of the screw.
(2) Relative coordinate system of the ball [𝑜′, 𝑥′, 𝑦′, 𝑧′]: The origin 𝑜′ coincides with the absolute coordinate system’s origin. The 𝑧′

axis is parallel to the screw axis, while the 𝑥′ axis is obtained by rotating the 𝑋 axis of the absolute system by an angle 𝜃 about the 
𝑧′ axis. The 𝑥′ axis lies in the 𝑥′𝑦′ plane and coincides with the projection of the ball’s centre. The angle 𝜃 determines the angular 
position of the ball centre within the 𝑥′𝑦′ plane.

(3) Frenet-Serret coordinate system [𝑜, 𝑡, 𝑛, 𝑏]: The origin 𝑜 is placed at the ball’s centre. The 𝑛 axis is aligned with the 𝑥′ axis of the 
ball’s coordinate system. The 𝑡 axis is tangential to the ball trajectory and inclined by the helix angle 𝜓 with respect to the 𝑦′ axis.

(4) Contact coordinate system [𝑜𝑖∕𝑜, 𝑥𝑖∕𝑜, 𝑦𝑖∕𝑜, 𝑧𝑖∕𝑜]: The origin 𝑜 is located at the centre of the contact ellipse. The 𝑥 axis aligns with 
the semi-minor axis of the ellipse, and the 𝑧 axis is normal to the contact surface, pointing towards the ball centre. As the inner 
and outer contact points lie in the 𝑛𝑏 plane of the Frenet-Serret system, two such systems are defined per ball-distinguished by the 
subscripts 𝑖 (inner) and 𝑜 (outer).

2.2.  Transformation matrices

To develop the theoretical kinematic formulation, the transformation relationships between the defined coordinate systems has 
to be established [23].

The transformation matrix from the absolute coordinate system and the relative coordinate system of the ball is given by:

𝐀01 =
⎡

⎢

⎢

⎣

cos 𝜃 sin 𝜃 0
− sin 𝜃 cos 𝜃 0

0 0 1

⎤

⎥

⎥

⎦

(1)

where 𝜃 is the angular displacement between the two coordinate systems.
The transformation from the relative ball coordinate system to the Frenet-Serret system is expressed as:

𝐀12 =
⎡

⎢

⎢

⎣

0 cos𝜓 sin𝜓
−1 0 0
0 − sin𝜓 cos𝜓

⎤

⎥

⎥

⎦

(2)

where 𝜓 is the helix angle.
The transformation from the Frenet-Serret system to the contact coordinate system (inner or outer) is defined as:

𝐀23𝑘 =
⎡

⎢

⎢

⎣

±1 0 0
0 sin 𝛼𝑘 cos 𝛼𝑘
0 ∓ cos 𝛼𝑘 ± sin 𝛼𝑘

⎤

⎥

⎥

⎦

(𝑘 = 𝑖, 𝑜) (3)

where 𝛼𝑘 denotes the contact angle. The subscript 𝑖 refers to the inner contact and 𝑜 to the outer contact. The upper sign of ± or ∓
operand corresponds to the inner contact case while the lower sign refers to the outer contact. This criteria is maintained throughout 
the whole paper. All transformation matrices presented above convert vectors in the forward direction. The inverse transformations 
are obtained using the matrix transpose, as all matrices are orthogonal ([𝐀]−1 = [𝐀]T).
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Fig. 1. Absolute, relative, frent-serret and contact coordinate systems of the ball screw mechanism.

2.3.  Definition of the contact surface

When two non-conformal solids are loaded against each other, the bodies deform elastically, generating a finite contact area. In 
ball screws, this area is elliptical (see Fig. 1). The relative motion of the contacting bodies within this region gives rise to the sliding 
speed distribution, which defines the contact kinematics. According to Hertz’s elastic contact theory, the semi-major and semi-minor 
axes of the inner and outer contact ellipses are given by [70]:
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𝑎𝐻,𝑘 =

(

6𝑘2𝐸̂𝑊𝑘𝑅𝑘
𝜋𝐸′

)1∕3

(𝑘 = 𝑖, 𝑜) (4)

𝑏𝐻,𝑘 =

(

6𝐸̂𝑊𝑘𝑅𝑘
𝜋𝐸′𝑘

)1∕3

(𝑘 = 𝑖, 𝑜) (5)

where 𝑊𝑘 is the normal load at the inner or outer contact, 𝑘 is the ellipticity parameter, 𝐸′ is the equivalent elastic modulus, 𝐸̂ is 
the complete elliptic integral of the second kind, and 𝑅̂𝑘 is the equivalent radius of curvature of the contacting bodies. 

The parameter 𝑅𝑘 plays a central role in the methodological improvement, as it is directly affected by the groove curvature 
definition. It is obtained from the principal curvature radii in the 𝑥 and 𝑦 directions as:

1
𝑅𝑘

= 1
𝑅𝑥

+ 1
𝑅𝑦

. (𝑘 = 𝑖, 𝑜). (6)

For the nut-ball contact:
1
𝑅̂𝑜

=
(

1
𝑟𝑏𝑎𝑙𝑙,𝑥

+ 1
𝑟𝑛𝑢𝑡,𝑥

)

+
(

1
𝑟𝑏𝑎𝑙𝑙,𝑦

+ 1
𝑟𝑛𝑢𝑡,𝑦

)

(7)

and for the screw-ball contact:
1
𝑅̂𝑖

=
(

1
𝑟𝑏𝑎𝑙𝑙,𝑥

+ 1
𝑟𝑠𝑐𝑟𝑒𝑤,𝑥

)

+
(

1
𝑟𝑏𝑎𝑙𝑙,𝑦

+ 1
𝑟𝑠𝑐𝑟𝑒𝑤,𝑦

)

(8)

In these equations, the ball curvature radii are 𝑟𝑏𝑎𝑙𝑙,𝑥 = 𝑟𝑏𝑎𝑙𝑙,𝑦 = 𝐷∕2, where 𝐷 is the diameter of the ball. The groove curvature radii 
are typically approximated as 𝑟𝑠𝑐𝑟𝑒𝑤,𝑦 = −𝑟𝑖 and 𝑟𝑛𝑢𝑡,𝑦 = 𝑟𝑜, with 𝑟𝑖 and 𝑟𝑜 being the inner and outer raceway groove radii, respectively. 
In the literature, the groove curvature in the 𝑥-direction is commonly approximated using ball-bearing geometry assumptions, which 
neglect the specific influence of the groove profile and the helix angle.

To overcome this limitation, Bertolino et al. [71,72] derived exact analytical expressions for calculating the principal curvature 
radii of the grooves. In their work, the equations were obtained using a differential-geometry approach that accounts for the helix 
angle and a gothic-arch groove profile. Simplified approximate formulations were also proposed to reproduce the exact solution 
under the assumption of a circular groove profile, yielding curvature radii with negligible error. In this approach, the curvatures in 
the 𝑥-direction are expressed as:

𝑟𝑛𝑢𝑡,𝑥 = −
𝑟𝑚 + 𝑟𝑜 cos 𝛼𝑜 cos2 𝜓

cos 𝛼𝑜 cos2 𝜓
, (9)

𝑟𝑠𝑐𝑟𝑒𝑤,𝑥 =
𝑟𝑚 − 𝑟𝑖 cos 𝛼𝑖 cos2 𝜓

cos 𝛼𝑖 cos2 𝜓
(10)

where 𝑟𝑚 is the pitch radius, and 𝜓 is the helix angle. By adopting this improved curvature model, the present analysis enhances the 
geometric accuracy of the predicted contact surface, particularly for large helix angles.
2.4.  Position vector of the contact surfaces

The first step in the calculation procedure is to define the position vectors of the inner and outer contact points. The position vector 
of an arbitrary point Q(𝑥𝑘, 𝑦𝑘

) within the inner and outer contact surface written in the absolute coordinate system, is calculated as:

𝐫0𝑜′𝑘 = 𝐫0𝑜′𝑜 + [𝐀10][𝐀21][𝐀3𝑘2]𝐫3𝑘𝑜𝑘 (𝑘 = 𝑖, 𝑜) (11)

where 𝐫0𝑜′𝑜 is the position vector from the origin point 𝑜′ to the centre of the ball 𝑜, and 𝐫3𝑘𝑜𝑘  is the position vector from the centre of the 
ball to the arbitrary point on the inner and outer contact surfaces. For simplicity, the latter vector is defined in the contact coordinate 
system and then transformed using the transformation matrices. The vectors, 𝐫0𝑜′𝑜 and 𝐫

3𝑘
𝑜𝑘  are respectively defined as:

𝐫0𝑜′𝑜 =
⎧

⎪

⎨

⎪

⎩

𝑟𝑚 cos 𝜃
𝑟𝑚 sin 𝜃
𝜃 (𝐿∕2𝜋)

⎫

⎪

⎬

⎪

⎭0

(12)

𝐫3𝑘𝑜𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑥𝑘
𝑦𝑘
−𝑆𝑘

⎫

⎪

⎬

⎪

⎭3𝑘

(𝑘 = 𝑖, 𝑜) (13)
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where, 𝐿 = 2𝜋 𝑟𝑚 tan 𝜓 is the pitch of the helix. 𝑆𝑘 defines the distance from the centre of the ball to a given point on the deformed 
surface and is calculated as [31]:

𝑆𝑘 =
(

𝑅2
𝑘 − 𝑦

2
𝑘
)1∕2 −

(

𝑅2
𝑘 − 𝑎

2
𝐻,𝑘

)1∕2
+
(

(𝐷∕2)2 − 𝑎2𝐻,𝑘
)1∕2

(𝑘 = 𝑖, 𝑜) (14)

In the latter equation, 𝑎𝐻,𝑘 is the semi-major axis of the contact ellipse defined in Eq. (4), and 𝑅𝑘 is the radius of curvature of the 
deformed pressure surface, which is defined as [31]:

𝑅𝑘 =
2𝑟𝑘𝐷

2𝑟𝑘 +𝐷
(𝑘 = 𝑖, 𝑜) (15)

where 𝑟𝑘 represents the raceway curvature radius. By rearranging Eqs. (11)–(15), the position vectors of the inner and outer contact 
surfaces are calculated:

𝐫0𝑜′𝑘 =
⎧

⎪

⎨

⎪

⎩

𝑟𝑚 cos 𝜃 ∓ 𝑥𝑘 (cos 𝜓 sin 𝜃) + 𝑦𝑘 (− sin 𝛼𝑘 cos 𝜃 + cos 𝛼𝑘 sin𝜓 sin 𝜃) ∓ 𝑆𝑘 (cos 𝛼𝑘 cos 𝜃 + sin 𝛼𝑘 sin𝜓 sin 𝜃)
𝑟𝑚 sin 𝜃 ± 𝑥𝑘 (cos 𝜓 cos 𝜃) − 𝑦𝑘 (sin 𝛼𝑘 sin 𝜃 + cos 𝛼𝑘 sin𝜓 cos 𝜃) ∓ 𝑆𝑘 (cos 𝛼𝑘 sin 𝜃 − sin 𝛼𝑘 sin𝜓 cos 𝜃)

𝜃 𝐿∕2𝜋 ± 𝑥𝑘 sin 𝜓 + 𝑦𝑘 cos 𝛼𝑘 cos 𝜓 ∓ 𝑆𝑘 sin 𝛼𝑘 cos 𝜓

⎫

⎪

⎬

⎪

⎭0

(𝑘 = 𝑖, 𝑜)

(16)

2.5.  Velocity analysis
The sliding speed components at an arbitrary point Q(𝑥𝑘, 𝑦𝑘) on the inner and outer contact surface are determined by the difference 

between the absolute velocity of the ball and that of the raceway. This relationship, including an schematic representation of the 
theoretical calculation procedure, is illustrated in Fig. 2. The general expression for the sliding speed at the inner and outer contacts 
is given by:

𝐯3𝑜𝑠𝑜 = 𝐯3𝑜𝑏𝑎𝑙𝑙,𝑜 − 𝐯3𝑜𝑛𝑢𝑡 (17)

𝐯3𝑖𝑠𝑖 = 𝐯3𝑖𝑏𝑎𝑙𝑙,𝑖 − 𝐯3𝑖𝑠𝑐𝑟𝑒𝑤 (18)

where 𝒗3𝑘ball,𝑘, 𝒗
3𝑘
screw, and 𝒗3𝑘nut represent the absolute velocity profiles of the ball, screw, and nut, respectively.

2.5.1.  Velocity of the nut
In ball screw mechanisms, when the screw rotates an angle 𝜃, the nut translates a linear distance −𝜃 (𝐿∕2𝜋) along the 𝑍-axis in the 

absolute reference system. Assuming that the time derivate of 𝜃 is the angular velocity of the screw (d𝜃∕d𝑡 = 𝜔), the sliding velocity 
profile generated at the outer contact contact surface is [17]:

𝐯3𝑜𝑛𝑢𝑡 = 𝜔

⎧

⎪

⎨

⎪

⎩

(𝐿∕2𝜋) sin 𝜓
−(𝐿∕2𝜋) cos 𝛼𝑜 cos 𝜓
(𝐿∕2𝜋) sin 𝛼𝑜 cos 𝜓

⎫

⎪

⎬

⎪

⎭3𝑜

(19)

Note that the velocity component does not depend on the coordinate 𝑥 and 𝑦 of the contact surface. Since the nut undergoes purely 
linear motion without rotation, every point within the contact area shares the same velocity.

2.5.2.  Velocity of the screw
The velocity of any point on the screw surface is obtained by differentiating its position vector with respect to time, as introduced 

in Eq. (16). Although the screw features a helical groove, it undergoes pure rotational motion about its axis and does not translate 
axially. Consequently, the 𝑍-component of the position vector, which contains the term 𝜃, 𝐿∕2𝜋, does not contribute to the velocity 
and is therefore excluded from the derivation. To reflect this, a modified position vector 𝒓𝑜′𝑠 is defined. In this position vector, that 
time derivate of 𝜃 is the angular velocity of the screw (d𝜃∕d𝑡 = 𝜔). In such case, the velocity of an arbitrary point on the contact 
surface of the screw in the contact coordinate system is [17]:

𝐯3𝑖𝑠𝑐𝑟𝑒𝑤 = [𝐀23𝑖 ] [𝐀12] [𝐀01]
d𝒓0𝑜′𝑠
d𝑡

(20)

𝐯3𝑖𝑠𝑐𝑟𝑒𝑤 = 𝜔

⎧

⎪

⎨

⎪

⎩

(𝑟𝑚 − 𝑆𝑖 cos 𝛼𝑖) cos 𝜓 − 𝑦𝑖 cos 𝜓 sin 𝛼𝑖
(𝑆𝑖 − 𝑟𝑚 cos 𝛼𝑖) sin 𝜓 + 𝑥𝑖 cos 𝜓 sin 𝛼𝑖

−𝑟𝑚 sin 𝛼𝑖 sin 𝜓 − 𝑥𝑖 cos 𝜓 cos 𝛼𝑖 + 𝑦𝑖 sin 𝜓

⎫

⎪

⎬

⎪

⎭3𝑖

(21)
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Fig. 2. Schematic representation of the theoretical calculation procedure of the inner and outer contact kinematics in ball screws.

2.5.3.  Velocity of the ball
The overall motion of the ball relative to the raceways is composed by two primary components, as shown in Fig. 2. First, the ball 

moves along the helical path of the raceways, which is described by the orbital angular velocity 𝜔𝑚. Second, the ball simultaneously 
rotates about its own axis with an angular velocity 𝜔𝑅. The orbital and rotational velocities are calculated using the analytical 
expressions proposed in [55], which include the effect of the translational velocity component in contrast to other expressions found 
in the scientific literature:
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𝜔𝑚 = 𝜔

(

1 +
𝑟′𝑖 ((𝑟𝑚 + 𝑟′𝑜 cos 𝛼𝑜) cos 𝜓 + (𝐿∕2𝜋) sin 𝜓) (cos 𝛽 cos 𝛽′ cos 𝛼𝑖 + sin 𝛽 sin 𝛼𝑖)
𝑟′𝑜 ((𝑟𝑚 − 𝑟′𝑖 cos 𝛼𝑖) cos 𝜓 + (𝐿∕2𝜋) sin 𝜓) (cos 𝛽 cos 𝛽′ cos 𝛼𝑜 + sin 𝛽 sin 𝛼𝑜)

)−1

(22)

𝜔𝑅 = 𝜔𝑚

(

(𝑟𝑚 − 𝑟′𝑖 cos 𝛼𝑖) cos 𝜓 + (𝐿∕2𝜋) sin 𝜓
𝑟′𝑖 (cos 𝛽 cos 𝛽′ cos 𝛼𝑖 + sin 𝛽 sin 𝛼𝑖)

)

(23)

The absolute velocity profile of the ball at the contact interface results from the sum of the translational motion and the rotational 
velocity of the ball, calculated as:

𝐯3𝑘𝑏𝑎𝑙𝑙,𝑘 = 𝐯3𝑘𝑏1,𝑘 + 𝐯3𝑘𝑏2,𝑘 (𝑘 = 𝑖, 𝑜) (24)

where, 𝐯𝑏1 is the velocity profile generated by the orbital translation motion and 𝐯𝑏2 is the velocity profile related to the rotation of 
the ball around its own axis. These two components are calculated separately in the following subsections.
Translational velocity of the ball 

The velocity component at the contact surface generated by the translational motion of the ball is calculated by the time derivative 
of its position vector. A key difference between the present formulation and the traditional formulation in the literature [17] lies in 
how this position vector is defined. In the conventional formulation, the velocity is computed by differentiating the position vector 
of the ball centre. This is described with the first term in Eq. (25). However, since we are analysing the sliding speed at the contact 
interface, the position vector must extend to the contact point (see Fig. 2). As a result, the additional term representing the offset 
from the ball centre to the contact surface must be included in the calculation:

𝐯3𝑘𝑏1,𝑘 =
d
(

𝐫𝑜′𝑜 + 𝐫𝑜𝑘
)

d𝑡
=

d𝐫𝑜′𝑜
d𝑡

+
d𝐫𝑜𝑘
d𝑡

(𝑘 = 𝑖, 𝑜) (25)

Assuming that the time derivate of the angular displacement of the ball is d𝜃∕d𝑡 = 𝜔𝑚. When the two terms are included, the 
velocity at the contact point becomes:

𝐯3𝑘𝑏1,𝑘 =
⎧

⎪

⎨

⎪

⎩

±(𝜔𝑚 − 𝜔) 𝑟𝑚
cos 𝜓 ± 𝜔 𝑟𝑚 cos 𝜓

−𝜔 𝑟𝑚 cos 𝛼𝑘 sin 𝜓
∓𝜔 𝑟𝑚 sin 𝛼𝑘 sin 𝜓

⎫

⎪

⎬

⎪

⎭3𝑘

+ 𝜔𝑚

⎧

⎪

⎨

⎪

⎩

−𝑆𝑘 cos 𝛼𝑘 cos 𝜓 ∓ 𝑦𝑘 sin 𝛼𝑘 cos 𝜓
±𝑆𝑘 sin 𝜓 ± 𝑥𝑘 sin 𝛼𝑘 cos 𝜓
∓𝑥𝑘 cos 𝜓 cos 𝛼𝑘 ± 𝑦𝑘 sin 𝜓

⎫

⎪

⎬

⎪

⎭3𝑘
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Missing term in the literature formulation

(𝑘 = 𝑖, 𝑜) (26)

where the second term is that representing the offset from the ball centre to the contact surface. This has not been considered in 
the previous literature works. As demonstrated in the results, including this additional term significantly affects the sliding speed 
distribution within the contact surface and provides a new framework to describe contact kinematics.
Velocity of the ball around its own axis

As illustrated in Fig. 2, the rotational velocity of the ball around its own axis 𝜔𝑅, written in the Frenet-Serret coordinate system 
is [18]:

𝝎2
𝑏 =

⎧

⎪

⎨

⎪

⎩

𝜔𝑡
𝜔𝑛
𝜔𝑏

⎫

⎪

⎬

⎪

⎭2

=

⎧

⎪

⎨

⎪

⎩

𝜔𝑅 cos 𝛽 sin 𝛽′

−𝜔𝑅 sin 𝛽
−𝜔𝑅 cos 𝛽 cos 𝛽′

⎫

⎪

⎬

⎪

⎭2

(27)

where 𝛽 and 𝛽′ represent the pitch and yaw angles of the ball, respectively. These two angles define the rotation axis of the ball in 
the Frenet-Serret coordinate system. It should be emphasised that some authors use the pitch angle (𝛽) to denote the helix angle (𝜓). 
However, for clarity and consistency, in this work the term helix angle refers to the screw geometry, whereas the pitch angle refers 
to the orientation of the ball’s rotational axis (see Fig. 2).

The velocity at an arbitrary point Q (

𝑥𝑘, 𝑦𝑘
) on the ball surface is given by the cross product of the angular velocity vector and 

the position vector from the ball centre [18,73]:

𝐯3𝑘𝑏2,𝑘 = [𝑨23𝑘 ]𝝎2
𝑏 × 𝒓3𝑘𝑜𝑘 (𝑘 = 𝑖, 𝑜) (28)

Expanding the expression yields:

𝐯3𝑘𝑏2,𝑘 =
⎧

⎪

⎨

⎪

⎩

−𝑆𝑘 (𝜔𝑛 sin 𝛼𝑘 + 𝜔𝑏 cos 𝛼𝑘) ± 𝑦𝑘 (𝜔𝑛 cos 𝛼𝑘 − 𝜔𝑏 sin 𝛼𝑘)
±𝑆𝑘 𝜔𝑡 ∓ 𝑥𝑘 (𝜔𝑛 cos 𝛼𝑘 − 𝜔𝑏 sin 𝛼𝑘)
±𝑦𝑘 𝜔𝑡 − 𝑥𝑘 (𝜔𝑛 sin 𝛼𝑘 + 𝜔𝑏 cos 𝛼𝑘)

⎫

⎪

⎬

⎪

⎭3𝑘

(𝑘 = 𝑖, 𝑜) (29)
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2.6.  Sliding speed composition at the contact interface
The formulation and resulting equations for calculating the sliding speed distribution of the contact introduced in the previous 

section in Eqs. (17) and (18) are extensive and may be challenging to interpret. To improve clarity and support understanding, this 
section breaks down the sliding speed into its fundamental components. This provides physical insight into the nature of kinematics 
in ball screw contacts. The sliding speed distribution can be described as the combination of three distinct components: rolling slip 
(𝒗roll,𝑘), side slip (𝒗side,𝑘), and spinning slip (𝒗sp,𝑘). As shown in the following expression, each component contributes in a specific 
direction within the local contact coordinate system:

𝐯3𝑘𝑠𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑣roll,k
0
0

⎫

⎪

⎬

⎪

⎭

⏟⏞⏟⏞⏟
Rolling

+

⎧

⎪

⎨

⎪

⎩

0
𝑣side,k
0

⎫

⎪

⎬

⎪

⎭

⏟⏞⏟⏞⏟
Side

+

⎧

⎪

⎨

⎪

⎩

𝑣sp,𝑘
𝑣sp,𝑘
0

⎫

⎪

⎬

⎪

⎭

⏟⏟⏟
Spinning

(𝑘 = 𝑖, 𝑜) (30)

Each of these sliding components is illustrated in Fig. 3 and is described in detail in the following paragraphs.

• Rolling slip: The rolling slip is generated by the velocity components resulting from the projection of the rotational speed vectors 
onto the 𝑦 axis of the contact coordinate system. The sliding vectors are aligned in the rolling direction of the ball. This slip arises 
from the curvature of the deformed contact surfaces, defined by the harmonic mean profile of the ball and the raceway, which is 
described with the variable 𝑆𝑘 in Eq. (14). As the ball rotates, surface points located at different distances from the axis of rotation 
exhibit varying linear velocities. This variation produces a parabolic velocity distribution across the contact interface. As a result, 
rolling slip is always present in rolling element contacts [31].

The variations in tangential velocity components through the 𝑥-axis, leads to exist specific locations where the ball and raceway 
surfaces have the same tangential velocity, known as pure rolling points. When the contact is uniquely composed by rolling slip, 
these points are symmetrically positioned with respect to the 𝑥-axis (as illustrated in Fig. 3). However, in ball screw mechanisms, 
where side and spinning components coexist, these points are displaced or may even fall outside the contact ellipse. The equation 
of the rolling slip distribution reads:

𝑣𝑟𝑜𝑙𝑙,𝑘 = 𝜔𝑘

(

𝑟𝑚
cos 𝜓

∓ 𝑆𝑘 cos 𝛼𝑘 cos 𝜓
)

− 𝑆𝑘 (𝜔𝑛 sin 𝛼𝑘 + 𝜔𝑏 cos 𝛼𝑘) (𝑘 = 𝑖, 𝑜) (31)

where, 𝜔𝑖 = 𝜔𝑚 − 𝜔 and 𝜔𝑜 = −𝜔𝑚. This criteria is maintained for all the equations below.
• Side slip:  The side slip is a distinctive feature in the contact kinematics of ball screws, caused by the velocity components resulting 
from the projection of rotational speed vectors onto the 𝑥-axis of the contact coordinate system. Side slip in ball screws occurs 
uniquely in the transverse direction of the contact and arises from the helical path the ball follows. The velocity profile is the 
same for each point along the semi-minor axis.

𝑣side,𝑘 = 𝜔𝑘 𝑆𝑘 sin 𝜓 ± 𝜔𝑡 𝑆𝑘 (𝑘 = 𝑖, 𝑜) (32)

• Spinning slip: Spinning slip arises from the projection of rotational speeds along the 𝑧-axis of the contact and it is commonly 
described in the literature by the spinning speed (𝜔𝑠𝑝). This motion generates slip in both the rolling and transverse directions, 

Fig. 3. Independent effect of the rolling, side and spinning slips on the total sliding speed distribution.
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influencing the overall contact pattern. The expression related to the spinning slip component is defined as:
𝑣𝑥,𝑠𝑝 = −𝜔𝑠𝑝,𝑘 𝑦𝑘, 𝑣𝑦,𝑠𝑝 = 𝜔𝑠𝑝,𝑘 𝑥𝑘 (𝑘 = 𝑖, 𝑜) (33)

being, 𝑥𝑘 and 𝑦𝑘 the coordinates of the arbitrary Q point within the contact surface, and 𝜔𝑠𝑝,𝑘 the spinning speed of the contact:
𝜔𝑠𝑝,𝑘 = 𝜔𝑘 cos𝜓 sin 𝛼𝑘 ∓ (𝜔𝑛 cos 𝛼𝑘 − 𝜔𝑏 sin 𝛼𝑘) (𝑘 = 𝑖, 𝑜) (34)

2.7.  Definition of entrainment speed and three parameter SRR framework
The complexity of the sliding speed distribution in ball screw contacts makes the slide-to-roll ratio (SRR) insufficient for fully 

capturing and quantifying the contact kinematics. To address this limitation, this section introduces a new three parameter approach 
to characterise the multidirectional contact behaviour observed at ball-screw interfaces.

As described in the previous section, each point on the contact surface has a specific sliding speed component. Hence, each point 
of the contact surface exhibits a different sliding speed. Literature addressing similar sliding speed distributions in other mechanical 
systems solves this issue by calculating the parameters at the centre of the contact ellipse [64,66–68]. In this work the same strategy 
is followed, and therefore the variables are evaluated at centre of the ellipse being the coordinates 𝑥𝑘 = 0 and 𝑦𝑘 = 0 (see Fig. 4).

2.7.1.  Entrainment speed
The entrainment speed is defined as the mean rolling speed of the contacting bodies and is calculated as:

𝐯𝑒,𝑘 =
𝐯𝑏𝑎𝑙𝑙,𝑘 + 𝐯𝑠𝑐𝑟𝑒𝑤∕𝑛𝑢𝑡

2
(𝑘 = 𝑖, 𝑜) (35)

𝐯3𝑘𝑒.𝑘 =
1
2

⎧

⎪

⎨

⎪

⎩

𝜔𝑘
(

𝑟𝑚
cos 𝜓 ∓ 𝑆𝑘 cos 𝛼𝑘 cos 𝜓

)

+ 𝑆𝑘 (𝜔𝑛 sin 𝛼𝑘 + 𝜔𝑏 cos 𝛼𝑘)
𝜔𝑘 𝑆𝑘 sin 𝜓 ∓ 𝜔𝑡 𝑆𝑘

0

⎫

⎪

⎬

⎪

⎭3𝑘

(𝑘 = 𝑖, 𝑜) (36)

As shown in Fig. 4, the absolute velocity components of the ball and the screw are not aligned with the rolling direction. Therefore, 
the entrainment speed is not necessarily oriented in the rolling direction of the ball. The angle of the vector formed by the entrainment 
speed and the rolling direction 𝑥 is given by:

𝛾,𝑘 = tan−1
( 𝑣𝑒,𝑦
𝑣𝑒,𝑥

)

(𝑘 = 𝑖, 𝑜) (37)

2.7.2.  Slide-to-roll ratio
The slide-to-roll ratio (SRR) quantifies the relationship between the sliding speed and the entrainment speed at the contact inter-

face. Following the standard definition in the literature, it is calculated as:

𝑆𝑅𝑅𝑘 =
|𝒗𝑠,𝑘|
|𝒗𝑒,𝑘|

(𝑘 = 𝑖, 𝑜) (38)

where 𝒗𝑠 is the sliding speed vector defined in Eq. (30), and 𝒗𝑒 is the entrainment velocity at the contact.
Fig. 4 illustrates that the SRR vector is generally not aligned with the 𝑥-axis due to the combined effects of rolling, side, and 

spinning slip. To fully characterise the SRR, its orientation must also be defined. For that, the angle 𝜙 between the SRR vector and 
the 𝑥-axis is determined using the following trigonometric relation:

𝜙𝑘 = tan−1
( 𝑣𝑠,𝑦
𝑣𝑠,𝑥

)

(𝑘 = 𝑖, 𝑜) (39)

Fig. 4. Representation of the components of the proposed SRR framework.
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2.7.3.  Spin-to-roll ratio
The SRRs are calculated at the centre of the contact ellipse, where the effect of spinning slip is zero. However, spinning slip 

still influences the overall sliding speed distribution across the contact. Therefore, an additional parameter is required to quantify 
the spinning component. For this purpose, the spin-to-roll ratio is employed, a parameter commonly employed in other mechanical 
systems where spin has a substantial role [68]:

𝑆𝑝,𝑘 =
𝜔𝑠𝑝,𝑘

√

𝑎𝐻,𝑘 𝑏𝐻,𝑘
|𝑣𝑒,𝑘|

(𝑘 = 𝑖, 𝑜) (40)

being, 𝑎𝐻  and 𝑏𝐻  the semi-major and minor axis of the contact ellipse, respectively.
By utilizing these three variables, the contact kinematics can be fully characterized, ensuring a comprehensive understanding of 

the sliding speed distribution. This approach eliminates ambiguity and provides a clear framework for analysing the motion within 
the contact interface, simplifying the problem by reducing it to only three parameters.

2.8.  Solution procedure
The proposed formulation describes the contact kinematics of a ball on the basis of a specific load state and global motion. This 

state is fully determined by a set of variables: the contact loads (𝑊𝑘), the contact angles (𝛼𝑘), the pure rolling radii (𝑟′𝑘), the yaw 
angle (𝛽′), and the pitch angle (𝛽). These can be grouped into two categories: load-related variables (𝑊𝑘 and 𝛼𝑘) and motion-related 
variables (𝑟′𝑘, 𝛽′, and 𝛽). The contact kinematic is determined once these variables are known.

The values of the variables depend on the component geometry, material properties, lubrication regime, and operating conditions 
of the target application. Determining them requires analysing the equilibrium of forces and moments acting on each ball. Fig. 5 
presents the workflow of commonly employed procedures in the literature to calculate these input variables. The figure also shows 
how these inputs are introduced in the proposed formulation to calculate contact kinematics. Depending on the application and 
author, different methods are selected to calculate the these input variables. The objective of this section is to describe the inclusion 
of the proposed contact kinematic formulation, in any of these solving strategies. The detailed equations of each procedure to calculate 
the input variables are omitted here, as they are extensively documented in the literature, as shown later in this section. The main 
conceptual aspects of the procedure, particularly those most relevant to the subsequent analysis and discussion, are briefly summarised 
below. 

The solution procedure is as follows:

• Load and absolute velocity of the ball: The load state and absolute motion are typically calculated using quasi-static or dynamic 
models, widely documented in the literature of ball bearings and ball screws [35,43,74,75]. In these models the variables to 
determine the load and motion of the ball are calculated as follows:
– Contact load and angle (𝑊𝑘, 𝛼𝑘): Derived from  analytical formulations based on elastic deformation and equilibrium equa-
tions, which consider centrifugal forces (𝐹𝑐) and gyroscopic moments (𝑀𝑔) [18,43].

– Kinematic constraints (𝑟′𝑘, 𝛽′, 𝛽): The degrees of freedom of the ball are mathematically constrained by 𝑟′𝑘, 𝛽′, and 𝛽. The pure 
rolling radius defines the radial position of zero slip in the rolling direction, while the yaw and pitch angles set the orientation of 
the rotational axis of the ball. These parameters strongly influence the sliding speed distribution and are sensitive to operational 
conditions [18,76]. Several strategies exist in the literature to calculate these variables. All methods assume the pure rolling 
radii to be equal the radius of the ball and the yaw angle to be 0, resulting in distinct formulations for predicting the pitch 
angle. The available approaches for computing the pitch angle are the following:
∗ Constant pitch angle approximation (CONST): Assumes 𝛽 equal to the nominal contact angle, independently of the 
operating conditions [29,43].

∗ Inner Raceway Control hypothesis (IRC): Sets the pitch angle such that the spinning speed at the outer contact is zero. 
[33,34,49,77].

∗ Outer Raceway Control hypothesis (ORC): Determines the pitch angle value that eliminates the spinning speed at the 
inner contact [33,34,49,77].

∗ Iterative formulation (ITE): Proposed by Wei and Lin [18], this method computes the pitch angle through an iterative 
procedure rather than a single analytical expression.

∗ Geometric relation (GEO): Computes the pitch angle as the average of the inner and outer contact angles [78].
∗ Relation based on D’Alembert’s hypothesis (DAL): Predicts the pitch angle using D’Alembert’s inertia principle, assuming 
that the total power associated with all forces acting on the ball is zero [79].
The assumptions and governing equations associated with each method are summarised in Table 1. The last two approaches 

(GEO and DAL), originally developed for ball bearing applications, have been incorporated in this study to provide a more 
comprehensive framework for analysing contact kinematics. All existing methods determine the kinematic constraints as func-
tions of the contact angles and loads, but none explicitly account for friction-related effects such as lubricant properties. It 
should also be noted that no consensus currently exists in the literature regarding the most appropriate approach.

– Orbital and rotational speeds (𝜔𝑚, 𝜔𝑅): Once the kinematic constraints are defined, the orbital (𝜔𝑚) and rotational (𝜔𝑅) 
speeds of the ball are calculated using Eqs. (22)-(23), redefined by the authors in [55]. 
Under certain operating conditions, inertial effects, such as centrifugal forces and gyroscopic moments, can modify the contact 

loads and contact angles [5,18]. For this reason, some models adopt an iterative solution procedure to achieve equilibrium among 
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Fig. 5. Flowchart of the computational procedure to determine contact kinematics.

the interacting variables. The changes produced by these inertial effects directly affect the equations defining the kinematic 
constraints listed in Table 1, thereby influencing the resulting sliding-speed distribution.

It should be noted that the methods for calculating the kinematic constraints have negligible effect on the orbital and rotational 
speed of the ball, and therefore their values have minor effect on the load state of the ball. Nevertheless, as demonstrated in the 
following sections, they have a governing impact on contact kinematics.

Table 1 
Summary of the literature approaches to calculate the kinematic constraints.
 Method  Pure rolling radii  Yaw angle  Pitch angle
 CONST 𝑟′ = 𝐷∕2 𝛽′ = 0 𝛽 = 𝛼0

 IRC 𝑟′ = 𝐷∕2 𝛽′ = 0 𝛽 = atan
(

sin 𝛼𝑖
cos 𝛼𝑖−(𝐷∕𝑑𝑚 )

)

 ORC 𝑟′ = 𝐷∕2 𝛽′ = 0 𝛽 = atan
(

sin 𝛼𝑜
cos 𝛼𝑜+(𝐷∕𝑑𝑚 )

)

 ITE 𝑟′ = 𝐷∕2 𝛽′ = 0 𝛽 ⟶ Iterations
 GEO 𝑟′ = 𝐷∕2 𝛽′ = 0 𝛽 =

(

𝛼𝑖 + 𝛼𝑜
)

∕2
 DAL 𝑟′ = 𝐷∕2 𝛽′ = 0 𝛽 = atan

(

𝐶(𝐵+1)sin 𝛼𝑖+2 sin 𝛼𝑜
𝐶(𝐵+1)cos 𝛼𝑖+2

(

cos 𝛼𝑜+𝛾 ′
)

+𝛾 ′ 𝐶
(

cos
(

𝛼𝑖−𝛼𝑜
)

−𝐵
)

)

, with 𝐶 = 𝑊𝑜 𝑎𝐻,𝑜 𝐿2 (𝑘𝑒,𝑜 )
𝑊𝑖 𝑎𝐻,𝑖 𝐿2 (𝑘𝑒,𝑖 )

, 𝐵 = 1+𝛾 ′ cos 𝛼𝑜
1−𝛾 ′ cos 𝛼𝑖

 and 𝛾 ′ = 𝐷∕𝑑𝑚
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• Contact kinematics: After determining the load state and absolute velocity of the ball, the contact kinematic formulation pre-
sented in this work is applied to compute the sliding speed distribution at the contact interface.
– Contact ellipse (𝑎𝐻,𝑘, 𝑏𝐻,𝑘): The semi-major and semi-minor axes of the contact ellipse (𝑎𝐻,𝑘, 𝑏𝐻,𝑘) are calculated using 
Eqs. (4)-(5). In this work, the formulation of Bertolino et al. [71,72] is employed to calculate the principal groove profiles 
using the Eqs. (9)-(10)

– Sliding speed distribution (𝑣𝑠,𝑘): The sliding speed distribution 𝑣𝑠,𝑘 is calculated as the sum of rolling slip, side slip, and 
spinning slip components from Eqs. (30)–(34).

– SRR parameters (𝑆𝑅𝑅𝑘, 𝜙𝑘, 𝑆𝑝,𝑘): Once the sliding speed distribution is determined, the quantifying parameters -entrainment 
speed (𝑣𝑒), entrainment angle (𝛾), slide-to-roll ratio (𝑆𝑅𝑅), SRR angle (𝜙), and spin-to-roll ratio (𝑆𝑝)-are calculated using 
Eqs. (35)-(40).

3.  Definition of the case studies
All simulations are performed using the same reference ball screw. Table 2 summarises the main parameters of the reference 

configuration, which corresponds to a single-nut, single-arc raceway ball-screw design. For the analysis of the results, the contact 
load and contact angles are calculated using the analytical elastic deformation and equilibrium equations proposed in [18,43].

Three analyses were performed: two case studies and one comparative discussion. Their objectives and specifications are detailed 
below and summarised in Table 3:

• Case 1: A comparison is conducted between the contact kinematic characteristics predicted by the revised formulation proposed in 
this work and those obtained using the traditional formulation [17]. This analysis was performed at 𝐹𝑎 = 1500 N and 𝜔 = 1000 rpm, 
resulting in contact loads of 𝑊𝑖∕𝑜 = 151 N and contact angles of 𝛼𝑖∕𝑜 = 41◦. The simulations in this case study are performed 
following the CONST approach introduced in Section 2.8 and summarised in Table 1.

The analysis spans helix angle of the reference geometry from 0◦ to 40◦, taking as a reference ranges of commercially available 
ball screw geometries [80–84]. To highlight the implications of the revised formulation, two specific configurations are examined 
in detail. First, a ball bearing geometry was used to validate the proposed formulation against well-known and widely accepted 
contact kinematic models. Since a ball bearing is a specific type of ball screw with zero pitch, the helix angle in this configuration 
was set to 0◦. Second, the comparison was extended to a ball screw geometry to evaluate the influence of the corrected formulation 
under ball screw geometries. In this instance, the helix angle was set to 10◦.

• Case 2: A parametric analysis to evaluate the influence of key kinematic constraints-the pure rolling radius (𝑟′), yaw angle (𝛽′), 
and pitch angle (𝛽)-on the contact kinematics. The simulation is conducted under an axial load of 𝐹𝑎 = 1500 N and a rotational 
speed of 𝜔 = 1000 rpm, leading to contact loads of 𝑊𝑖∕𝑜 = 151 N and contact angles of 𝛼𝑖∕𝑜 = 41◦.

To assess the individual effect of each constraint, they were varied independently while keeping the remaining two fixed. This 
approach enables a clear and isolated evaluation of their impact on contact kinematics. The analysed parameter ranges and the 
selected reference values are summarised in Table 4, and listed below:

Table 2 
Geometry and material characteristics of the analysed ball screw.
 Parameter  Value
 Ball diameter, 𝐷 [mm]  7.94
 Pitch diameter, 𝑑𝑚 [mm]  38.5
 Raceway curvature radius, 𝑟𝑖∕𝑜 [mm]  4.2
 Ball-raceway nominal contact angle, 𝛼0 [◦]  40
 Helix angle, 𝜓 [◦]  10
 Pitch, 𝐿 [mm]  21.3
 Turns, [-]  1
 Number of balls, 𝑍 [-]  15
 Material  AISI 52100
 Young’s modulus, 𝐸 [GPa]  210
 Poisson’s ratio, 𝜈 [-]  0.3
 Density, 𝜌 [kg/m3]  7850

Table 3 
Summary of the case studies.

 Objective  Operating conditions  Constraint method
 Case 1  Validation of the proposed model 𝐹𝑎 = 1500N  CONST

𝜔 = 1000 rpm
 Case 2  Parametric study of the kinematic constraints 𝐹𝑎 = 1500N  –

𝜔 = 1000 rpm
 Discussion  Comparison of different methods under varying operating conditions 𝐹𝑎 = 500−3000N  CONST, IRC, ORC, ITE, GEO, DAL

𝜔 = 1000 and 3500 rpm
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Table 4 
Summary of the parametric analysis ranges and selected cases for detailed evaluation in Case 2.
 Parameter  Fixed values  Analysed range  Selected values
 Pure rolling radius 𝑟′ [mm]  3.97  3.92 – 4.02  3.95, 3.97, 3.99
 Yaw angle 𝛽′ [◦]  1 −3 – 3  0, 1, 2
 Pitch angle 𝛽 [◦]  40  28 – 52  34.3, 40, 44, 50.1

(a) Pure rolling radius (𝑟′): The reference value was set to radius of the ball (𝑟′ = 𝐷∕2), corresponding to 3.97 mm, consistent with 
values reported in the literature. The parameter was varied by ±0.05 mm around this reference value. Within this range, three 
representative values of 3.95mm, 3.97mm and 3.99mm, were selected for detailed analysis.

(b) Yaw angle (𝛽′): The yaw angle 𝛽′ is consistently assumed to be 0◦ in the literature. However, this value is not the most suitable 
reference for the parametric study, because it neglects the influence of 𝛽 on the side slip component. To ensure a correct 
numerical sensitivity, a reference value of 1◦ was adopted and the parameter was varied within ±3◦. Three representative 
values-0◦, 1◦, and 2◦-were examined in detail.

(c) Pitch angle (𝛽): For the parametric study, the reference value was set to 40◦ and analysed within a range of ±12◦, covering 
the values predicted by the approaches presented in Table 1. Within this range, four representative pitch-angle values were 
selected to analyse how variations in 𝛽 influence the contact kinematics. To enhance the practicality and clarity of the analysis, 
these representative values correspond to the following literature approaches: CONST with 𝛽 = 40◦, IRC with 𝛽 = 50.1◦, ORC 
with 𝛽 = 34.3◦, and ITE with 𝛽 = 44◦.

• Discussion: An analysis is conducted to evaluate the effect of operational conditions on contact kinematics. The axial load was 
varied from 500 N to 3500 N, while two rotational speeds of 1000 rpm and 3500 rpm are evaluated. To provide a comprehen-
sive overview of contact kinematics, simulations are performed using all the approaches presented in Table 1 (Section 2.8) and 
compared accordingly.

4.  Results

4.1.  Comparison of the literature and revised contact kinematic formulations
To evaluate the differences between the traditional and revised contact kinematic formulations, Fig. 6 presents a comparison of 

several variables-entrainment speed, sliding velocity components, and spinning speed-computed across a range of helix angles.
Angular contact ball bearing (𝜓 = 0◦)

When the helix angle is set to zero (𝜓 = 0◦), the ball screw geometry reduces to an angular contact ball bearing. Under this 
limiting condition, the kinematic behaviour should coincide with the well-established ball bearing formulation [31]. As shown in 
Fig. 6, the revised formulation accurately reproduces the reference ball bearing results. In contrast, the traditional formulation exhibits 
significant deviations from the ball bearing predictions. The most notable discrepancies arise in the entrainment speed (𝑣𝑒), which 
is underestimated, and in the 𝑥-component of the sliding speed velocity (𝑣𝑠𝑥), which is predicted to be excessively high. Such values 
are unrealistic for rolling-element contacts.

A more detailed comparison is shown in Fig. 7, which illustrates the full sliding speed distribution within the contact interface 
for an angular contact ball bearing case. The traditional formulation predicts a velocity field aligned with the rolling direction 
and exhibiting unrealistically high magnitudes. This results in a unidirectional pattern that fails to capture the characteristic spiral 
distribution observed in bearing contacts [31,76]. Although the traditional formulation yields spinning speeds comparable to those 
predicted by validated ball bearing models, the overestimated 𝑥-component suppresses the relative influence of spinning in the overall 
distribution.

In contrast, the revised formulation reproduces the reference ball-bearing sliding-speed distribution exactly. When the helix angle 
is set to zero (𝜓 = 0◦), the equations of the proposed formulation reduce to those of the ball bearing formulation, and the results are 
identical [31]. This confirms both its accuracy and the mathematical consistency of the proposed approach. Validation under this 
benchmark configuration provides strong evidence of the physical robustness of the corrections introduced.

Ball screw (𝜓 > 0◦)

When the helix angle increases, the geometry corresponds to a conventional ball screw (𝜓 > 0◦). In this regime, the discrepan-
cies between the two formulations become more pronounced, as illustrated in Fig. 6. All evaluated parameters exhibit increasing 
divergence with helix angle, indicating that the assumptions in the traditional model are no longer valid for ball screw geometries.

The evolution of the semi-major (𝑎𝐻 ) and semi-minor (𝑏𝐻 ) axes of the contact ellipse also reveals marked differences. Although 
the contact load (𝑊𝑘) remains identical for all helix angles, the revised formulation predicts variations in ellipse dimensions owing 
to the improved definition of groove curvature radii based on Bertolino et al.’s differential-geometry approach [71,72]. In contrast, 
the classical formulation yields ellipse sizes that remain constant with helix angle, thereby neglecting this geometric effect. Accurate 
theoretical characterisation of the contact ellipse is crucial because it directly influences the contact pressure and, consequently, all 
subsequent contact phenomena.

Among all plotted variables in Fig. 6, a particular case arises with the entrainment speed. Although Eq. (36) provides different 
expressions for the inner and outer contacts, numerical evaluation shows nearly identical values. This explains why only one line 
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Fig. 6. Comparison of size of the contact ellipse, entrainment speed, sliding velocity components, and spinning speed across varying helix angles, 
for the traditional and revised contact kinematic formulations.

appears in the plot. Such convergence of entrainment velocities is well established in ball bearing analyses [85], further supporting 
the validity of the result.

To complete the analysis of the entrainment speed, attention must be paid to the orientation of the entrainment vectors. Although 
the magnitudes at both contacts are nearly identical, their orientations differ slightly. The deviation is more pronounced at the 
inner contact, reflecting the influence of the helical geometry on the direction of motion. In contrast, the predictions of the classical 
formulation deviate considerably: at the outer contact the entrainment angle remains zero, whereas at the inner contact it is almost 
twice as large as that obtained with the revised model.
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Fig. 7. Comparison of contact kinematics calculated using the literature and proposed formulations at ball bearing scale (𝜓 = 0◦).

Regarding the sliding-velocity components, the discrepancies between the two formulations are substantial. The traditional for-
mulation predicts excessively high values of 𝑣𝑠𝑥, suggesting significant slip in the rolling direction. This is inconsistent with the 
fundamental rolling motion of the ball, where slip along the rolling axis should remain minimal. Similarly, the traditional model 
produces asymmetric side-slip magnitudes between the inner and outer contacts-one vanishing while the other is excessively large. 
In contrast, the revised formulation predicts balanced side-slip values at both contacts.

Concerning the spinning speed, both formulations show an increasing trend with helix angle. However, the classical formulation 
predicts slightly higher values at the outer contact and lower values at the inner contact. The difference increases with helix angle, 
indicating that even for this parameter, the revised model provides a more reliable description of the kinematics.

To further illustrate these discrepancies, Fig. 8 shows the sliding speed distributions for a specific ball screw with a helix angle of 
𝜓 = 10◦. The traditional formulation results in a simplified pattern, with sliding vectors aligned with the 𝑥-component in both contacts. 
This arises from the previously mentioned high predictions in the 𝑥 sliding component. In contrast, the proposed formulation yields 
a fundamentally different sliding speed distribution. The sliding vectors show a predominant alignment in the transverse direction, 
forming a spiral pattern. These two characteristics highlight the significant contributions of both side and spinning slip.

A closer inspection of the sliding velocity at the centre of the contact ellipse further emphasises the differences between the 
two formulations. The proposed model predicts a sliding magnitude approximately three times smaller than that of the traditional 
formulation. Moreover, while the traditional model assumes that sliding occurs predominantly in the 𝑥-component, this assumption 
is no longer valid in the result given in the revised formulation. In the revised model, the sliding direction deviates significantly from 
the rolling axis due to the dominant influence of side slip, which alters both the orientation and structure of the velocity field.

Regarding the spinning component, both formulations predict similar magnitudes. However, its effect on the overall sliding speed 
distribution becomes substantially more pronounced in the revised formulation. This is primarily due to the reduced sliding compo-
nents in the rolling direction, which increase the relative contribution of spinning.

Differences are also observed in the entrainment speed. The traditional model predicts a value of 0.91 m/s, while the revised 
formulation yields 1.00 m/s. Additionally, the direction of the entrainment vector deviates from the rolling axis by 0.87◦ at the inner 
contact and 1.19◦ at the outer contact, highlighting the influence of the helical geometry on the effective contact motion.

4.2.  Comparison between single SRR and the proposed three-parameter approach
Having established the differences between the two formulations, this section examines the limitations of traditional SRR-based 

quantification. As stated in the introduction, while a single Slide-to-Roll Ratio (SRR) may be sufficient to describe contact kinematics 
in certain machine elements, its applicability to ball screw mechanisms requires careful validation.
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Fig. 8. Comparison of contact kinematics calculated using the literature and proposed formulations at ball screw scale (𝜓 = 10◦).

To this end, the reference sliding speed distribution shown in Fig. 9-calculated at the inner contact in the pre-
vious section-is quantified using both the conventional SRR and the proposed three-parameter approaches. The limita-
tions of each method are assessed by attempting to reconstruct the reference distribution based on the corresponding
parameters.

For the reference case, the SRR calculated using the single-variable approach is 4.16%. However, this parameter alone fails to 
capture the full complexity of the contact kinematics, leading to ambiguity in the reconstructed velocity field. As illustrated in Fig. 9, 
three distinct sliding speed distributions yield the same SRR value. This clearly demonstrates that the single SRR approach cannot 
account for the combined effects of rolling, spinning, and side slip. In particular, the spinning component is entirely neglected, 
resulting in different sliding patterns despite identical SRR magnitudes.

Moreover, the SRR approach lacks directional information. Multiple combinations of rolling and side slip can produce the 
same SRR value, further reinforcing its inherent ambiguity. Although only three examples are shown, infinitely many distribu-
tions could correspond to a given SRR, rendering it unsuitable for accurately characterising contact kinematics in ball screw
mechanisms.

In contrast, the proposed three-parameter framework individually quantifies the rolling, side, and spinning slip components. 
These variables fully define the kinematic state at the contact, enabling a unique and unambiguous reconstruction of the sliding 
speed distribution.

The proposed parameters offer a robust and physically meaningful basis for linking contact kinematics conditions to key phe-
nomena such as friction, wear, and lubrication. Their accurate determination is essential for realistic kinematic modelling and for 
improving the performance, durability, and reliability of ball screw mechanisms.

4.3.  Influence of the kinematic constraints on contact kinematics

In this section, a parametric analysis is conducted to examine the influence of the kinematic constraints-𝑟′, 𝛽, and 𝛽′-on each 
sliding speed component. The study consists of three cases, each isolating the effect of one constraint while keeping the others fixed, 
thus allowing for an independent evaluation of their impact on contact kinematics.

4.3.1.  Influence of the pure rolling radius (𝑟′):
Fig. 10 shows the effect of the pure rolling radius (𝑟′) on the contact kinematics. In this analysis, 𝑟′ is varied across a range 

of values, while the pitch angle (𝛽) and yaw angle (𝛽′) are held constant. It should be noted that each contact-inner and outer-is 
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Fig. 9. Comparison of the employment of a single SRR and the three variable approach proposed in this work.

characterised by its own pure rolling radius, making this parameter independent for each interface. Therefore, although the results 
in Fig. 10 correspond to the inner contact, the same trends apply to the outer contact.

Fig. 10(a) presents the evolution of the quantifying parameters as a function of 𝑟′. Among these, the SRR direction (𝜙) is the most 
sensitive to variations in the 𝑟′. When 𝑟′ = 𝐷∕2-a value commonly adopted in the literature-𝜙 approaches 90◦, indicating that the SRR
vector is aligned predominantly in the transverse direction. As 𝑟′ decreases below 𝐷∕2, 𝜙 shifts to values below 90◦, corresponding 
to a vector with a positive 𝑥-component. Conversely, for values of 𝑟′ above 𝐷∕2, 𝜙 exceeds 90◦, indicating a negative 𝑥-component. 
The SRR magnitude also exhibits slight sensitivity to 𝑟′, while the remaining parameters-the entrainment speed, its orientation (𝛾), 
and the spin-to-roll ratio-remain essentially unaffected across the analysed range.

Fig. 10(b) illustrates three selected cases from the analysed 𝑟′ range, focusing on the resulting sliding speed distributions and their 
breakdown into rolling, side, and spinning components. The total sliding speed field remains qualitatively similar across the three 
cases.

A more detailed interpretation is obtained by examining the individual sliding speed components. The results show that 𝑟′ exclu-
sively influences the rolling slip, while the side and spinning components remain unchanged. This parameter governs the position of 
the rolling velocity profile along the 𝑥-axis of the contact. As 𝑟′ varies, the entire rolling profile shifts upward or downward without 
altering its shape. Notably, the value 𝑟′ ≃ 𝐷∕2 places the pure rolling points near the centre of the contact ellipse, consistent with 
common modelling assumptions in the literature.

4.3.2.  Influence of the yaw angle (𝛽′)
Fig. 11 shows the effect of the yaw angle (𝛽′) on the contact kinematics. In this analysis, 𝛽′ is varied while keeping the pure rolling 

radius (𝑟′) and pitch angle (𝛽) constant.
Fig. 11(a) presents the evolution of the quantifying parameters as a function of the yaw angle (𝛽′). It can be observed that 𝛽′ has 

a marked influence on the direction of the entrainment speed (𝛾), as well as on both the magnitude and direction of the SRR (𝜙). 
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Fig. 10. Influence of the pure rolling radii (𝑟′) on: (a) SRR quantifying parameters and (b) on the composition of the sliding speed distribution.

Focusing on the entrainment vector, the angle 𝛾 remains within the range of 0◦ to 2.5◦, exhibiting opposite trends at the inner and 
outer contacts as 𝛽′ varies.

The most significant effect of 𝛽′ appears in the SRR. Both its magnitude and direction show strong sensitivity to variations in yaw 
angle. At the outer contact, the SRR magnitude decreases from 0.8% to nearly zero as 𝛽′ increases from −3◦ to 3◦. In contrast, the 
inner contact displays an increasing trend over the same range. A critical condition arises when 𝛽′ ≈ −2.4◦, at which point the SRR
at the outer contact becomes zero. In this case, the trend of the SRR angle 𝜙 becomes asymptotic, as the sliding vector vanishes and 
𝜙 tends towards infinity.

Fig. 11(b) illustrates three selected cases from the analysed 𝛽′ range, focusing on the resulting sliding speed distributions and 
their breakdown into rolling, side, and spinning components. The sliding behaviour differs significantly across the selected yaw angle 
values, demonstrating that 𝛽′ has a considerable influence on contact kinematics.

Interpreting this sliding pattern requires a detailed examination of the individual sliding speed components. The results show that 
the yaw angle (𝛽′) uniquely governs the side slip component, while the rolling and spinning components remain unaffected. The 
effect of 𝛽′ on side slip is opposite at the two contact interfaces. At the outer contact, an increase in 𝛽′ leads to a rise in the transverse 
velocity component, thereby enhancing side slip. In contrast, the inner contact experiences a reduction in side slip with increasing 
yaw angle. As a result, there exists a specific value of 𝛽′ for which side slip is entirely cancelled at one of the contacts. However, since 
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Fig. 11. Influence of the yaw angle (𝛽′) on: (a) SRR quantifying parameters and (b) on the composition of the sliding speed distribution.
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the yaw angle is a global parameter, this cancellation cannot occur simultaneously at both interfaces. In the present case study, side 
slip vanishes at the outer contact for 𝛽′ ≈ −2.3◦, and at the inner contact for 𝛽′ ≈ 3.1◦.

These results show that even small variations in the yaw angle (𝛽′) produce significant changes in side slip. This highlights 𝛽′ as 
a critical parameter in determining the contact kinematics of ball screws, particularly through its role in controlling the side sliding 
component.

4.3.3.  Influence of the pitch angle (𝛽)
Fig. 12 illustrates the influence of the pitch angle (𝛽) on the contact kinematics. In this analysis, 𝛽 is varied across three represen-

tative values, while the pure rolling radius (𝑟′) and yaw angle (𝛽′) are held constant to isolate the effect of the pitch angle.
Fig. 12(a) presents the evolution of the quantifying parameters with respect to 𝛽. The pitch angle primarily affects the spin-to-roll 

ratio, reflecting its strong influence on the spinning slip component. As 𝛽 increases, the spinning speed and corresponding spin-to-roll 
ratio increase at the outer contact, while the opposite trend is observed at the inner contact. A slight variation is also observed in the 
SRR magnitude at both contacts, although this effect is considerably smaller compared to that observed in the spin-to-roll ratio.

Fig. 12(b) shows three selected cases from the analysed range of pitch angles, focusing on the resulting sliding speed distributions 
and their breakdown into rolling, side and spinning components. The sliding speed distribution varies significantly with pitch angle, 
highlighting the strong influence of 𝛽 on the overall contact kinematic state.

The analysis of the individual sliding components reveals that 𝛽 has a dominant effect on the spinning slip, a slight influence on the 
side slip, and no observable impact on the rolling slip. A closer examination of the spinning component reveals opposite behaviours 
at the two contact interfaces. At the outer contact, an increase in pitch angle leads to a rise in spinning speed and a corresponding 
reduction in spinning slip. Conversely, at the inner contact, spinning slip also decreases with increasing 𝛽. As a result, it is possible 
to cancel spinning slip at one interface by adjusting 𝛽, but this inevitably increases it at the other.

As described in the case definition, the specific values analysed in Fig. 12(b) correspond to different pitch angle calculation 
methodologies adopted in the literature. Spinning slip at the outer contact becomes zero when 𝛽 ≈ 34.3◦, corresponding to the outer 
raceway control hypothesis. In this case, however, the inner contact exhibits relatively high spinning slip due to the opposing influence 
of pitch angle on spinning speed. In contrast, spinning slip at the inner contact vanishes when 𝛽 ≈ 50.1◦, which corresponds to the 
inner raceway control assumption. Under this condition, spinning slip at the outer contact becomes substantial. For the other two pitch 
angle values analysed, spinning slip is present at both contacts. However, the magnitudes differ in each case, resulting in substantially 
different sliding speed distributions.

5.  Discussion on the effect of operational conditions

As described in Section 2.8, the revised contact kinematic formulation is evaluated from a given load state and absolute motion 
of the ball. This state is completely defined by load-related variables (𝑊𝑘, 𝛼𝑘) and kinematic-related variables (𝑟′𝑘, 𝛽′, and 𝛽). These 
quantities are influenced by the operating conditions to which the ball screw is subjected. However, their relative importance for 
contact kinematics differs considerably.

The load dependent variables (𝑊𝑘 and 𝛼𝑘) have a negligible effect on contact kinematics. They primarily affect the size of the 
contact ellipse, while their influence on the sliding speed distribution is minor. As reviewed in the introduction, methods for calculating 
load state and contact angles under varying operating conditions are already well established and validated in the literature [5,18,
36,45]. 

In contrast, as demonstrated in Section 4.3, the kinematic constraints (𝑟′𝑘, 𝛽′, and 𝛽) have a governing effect on the sliding speed 
distribution. Therefore, the analysis of the effect of operational conditions is conducted highlighting these variables. An overview is 
given below to illustrate how operating conditions affect these kinematic constraints and the resultant sliding speed distribution of the 
contact. As described in Sec, several method exists in the literature to calculate these variables. Therefore, the analysis of operational 
conditions is conducted with all the existing models presented in Table 1. Each kinematic constraint is discussed independently:

• Pure rolling radii (𝑟′𝑘): The literature assumes constant 𝑟′𝑘 = 𝐷∕2 for all geometry and operational conditions. Although this 
simplification is common, Section 4.3 shows that even small deviations of 𝑟′, shift the rolling slip distribution and alter the 
position of the pure rolling points.

• Yaw angle (𝛽′): Similarly, the literature assumes a yaw angle equal to zero for all operational conditions. However, Section 4.3 
demonstrates that this variable has a decisive influence on the transverse slip component. Small variations can induce substantial 
changes in side slip, yet no methodology exists in the ball screw literature to relate 𝛽′ to operating conditions. 

• Pitch angle (𝛽): As discussed in Section 2.8, several strategies are available in the literature to estimate the pitch angle under 
varying operating conditions. Fig. 13 illustrates the evolution of the pitch angle as a function of axial load for two rotational 
speeds, predicted by these methodologies. The results show that the trends obtained from each method differ considerably.

To further highlight these discrepancies, the figure also presents the sliding speed distributions calculated with each method 
at 1500 N and 1000 rpm. All the analysed formulations predict different values for the pitch angle. The IRC and ORC approaches 
provide the upper and lower limiting predictions, respectively, and show very limited sensitivity to changes in operating conditions. 
The GEO and DAL approaches yield results closely aligned with those of the CONST formulation, and the operating conditions 
have only a minor effect on their pitch angle predictions. In contrast, the ITE method exhibits the highest sensitivity to operating 
conditions. When examining the sliding-speed distributions, substantial differences are observed in the predictions of each method 
under the same operating conditions.
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Fig. 12. Influence of the pitch angle (𝛽′) on: (a) SRR quantifying parameters and (b) on the composition of the sliding speed distribution.
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Fig. 13. Influence of axial load and angular velocity on the pitch angle and the resultant contact interface kinematics, for different assumptions 
available in the literature.

In the case of ball bearings, it has been reported that the IRC hypothesis provides accurate results at low speeds, whereas at 
high speeds the ORC hypothesis is more suitable [79,86]. However, to the authors’ knowledge, no universally accepted criterion 
currently exists in the ball screw literature.

This comparison shows that kinematic constraints can be a source of uncertainty in predicting contact kinematics. Most models 
simplify the problem by assuming 𝑟′𝑘 and 𝛽′ as constant for all operational conditions, while offering alternative formulations only 
for 𝛽. However, the present study demonstrates that yaw angle and pure rolling radii are equally influential on contact kinematics. 
Despite their importance, however, no validated methodology currently exists to determine these parameters under realistic operating 
conditions. Furthermore, all existing approaches neglect frictional interactions, including lubricant viscosity, when calculating the 
kinematic constraints, which does not fully reflect the physical reality.

Future work should therefore focus on developing accurate procedures to evaluate 𝑟′𝑘, 𝛽′, and 𝛽 in practical operating regimes, 
including the effect of frictional interactions. Such advances are essential for improving predictive models of friction, wear, and 
lubrication, and ultimately for enhancing the performance and reliability of ball screw mechanisms.

In addition, experimental validation of contact kinematics remains a significant challenge in rolling-element mechanisms, such 
as ball bearings and ball screws, due to their confined and optically inaccessible nature. Future studies are therefore encouraged to 
advance experimental techniques in this field.

6.  Conclusion

In this work, a revised formulation is presented to accurately compute the sliding speed distribution within the contact interface of 
ball screw mechanisms. The proposed model addresses previously identified inaccuracies and offers a comprehensive framework for 
calculating the sliding speed distribution across the entire contact interface. Moreover, the sliding speed distribution is broken down 
into its fundamental components-rolling, side, and spinning slip-to provide physical insight into the nature of contact kinematics. In 
addition, a new set of variables are introduced to quantify sliding behaviour at the contact, where three independent variables are 
proposed to characterise the contact kinematics. The following conclusions are drawn:

• The revised formulation is validated using an angular contact ball bearing configuration, which represents a special case of a 
ball screw with zero helix angle. While the traditional ball screw formulation fails to match the actual sliding speed distribution, 
the revised approach replicates the results observed in well-established ball bearing formulations, confirming the validity and 
consistency of the proposed formulation. When contact kinematics is analysed at ball screw level with the revised formulation, 
the conventional understanding of sliding speed distribution fundamentally changes. As demonstrated, both the magnitude and 
direction of the sliding velocity vectors are significantly altered, with side slip emerging as the dominant component.

• This study demonstrates that the conventional use of a single SRR is insufficient to accurately characterise the complex sliding 
behaviour present in ball screw mechanisms. A single SRR value cannot account for the combined and independent effects of 
rolling, side and spinning slip, leading to ambiguity in the representation of contact kinematics. The proposed three-parameter 
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framework addresses this limitation by separately quantifying each slip component, enabling a complete accurate reconstruction 
of the sliding speed distribution.

• The relationship between the key kinematic constraints-pure rolling radius, yaw angle, and pitch angle-and contact kinematics 
has been clearly established. Each variable predominantly influences a specific quantifying parameter: the pure rolling radius 
governs the SRR, the yaw angle modulates the SRR angle, and the pitch angle determines the Spin-to-Roll Ratio. Furthermore, 
the study demonstrates that each key kinematic constraints predominantly governs a specific component of the total sliding speed 
distribution. The pure rolling radius primarily governs rolling slip, the pitch angle influences the spinning speed, and the yaw 
angle controls the side slip.

• These findings underscore the sensitivity of contact kinematics to key kinematic constraints. In particular, the pronounced in-
fluence of yaw angle on side slip challenges the validity of common assumptions in the literature, such as a constant zero yaw 
angle and constant pure rolling radii for all the operational conditions. With respect to pitch angle, the literature-based compari-
son revealed substantial variations in the predicted sliding speed distributions depending on the estimation method. Despite the 
importance of the kinematic constraints, there is currently no validated methodology in the literature for accurately determining 
these variables under realistic operating and lubrication conditions. 

Therefore, future research should focus on developing more accurate methodologies to determine these kinematic constraints. 
They should investigate the influence of lubricant rheology on contact kinematics to extend the predictive capabilities of the contact 
kinematic under realistic operating conditions. Such advances are essential for deepening the understanding of contact kinematics and 
for improving predictive models of friction, wear, and lubrication, ultimately enhancing the performance and reliability of ball screw 
systems. In addition, experimental validation of contact kinematics remains a significant challenge in rolling-element mechanisms, 
such as ball bearings and ball screws, due to their confined and optically inaccessible nature. Future studies are therefore encouraged 
to advance experimental techniques in this field.
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