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Nomenclature

Symbol Description

@ Frequency [rad/s]

0 Angular coordinate [rad]

I3 Axial coordinate [m]

f Force [N]

m Moment [N-m]

s Measurement spacing position [m, mm]

Kur Contact stiffness matrix between tool holder and cutting tool

Hj Displacement-to-force receptance [m/N]; i is the measurement point,
and j is the excitation point

L Displacement-to-moment receptance [m/(N-m)]; see H;; for subscript
details

Ny Rotation-to-force receptance [rad/N]; see Hj; for subscript details

Py Rotation-to-moment receptance [rad/(N-m)]; see H; for subscript details

[G,ﬂm Receptance matrix at measurement point i and excitation point j. n
indicates the assembly (H1: MSF-H1, H2: MSF-H2, T1: MSF-H1-T1, T2:
MSF-H2-T2). m indicates the result source (Exp: experimental, RCSA:
receptance coupling substructure analysis)

R], Receptance matrix of substructure n, which can be H1 for holder 1, H2
for holder 2, T1 for tool 1, and T2 for tool 2

D Outer diameter [mm]

D; Inner diameter [mm]

E Young’s modulus [N/m?]

p Density [kg/ms]

n Solid damping factor

v Poisson ratio

L Length [mm)]

a, Radial depth of cut [mm]

a, Axial depth of cut [mm]

n Spindle speed [rpm]

ks Specific cutting force [MPa]

2 Number of teeth

x,0 Subscripts indicating direction of motion (translation x or rotation 6)

fim Subscripts indicating type of loading (force f or moment m)

b Mode shape vector for mode r

o n-th derivative of the mode shape function

Ar Eigenvalue parameter for mode r

(continued on next column)
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(continued)

Symbol Description

M, Measurement perturbation bound for mode shape r

or Standard deviation of measurements for mode shape r

Smin Optimal measurement spacing position [mm]

s Normalised measurement spacing position (s/L)

x Normalised position coordinate (x/L)

ar Dimensionless frequency number for trigonometric terms in the r-th
vibration mode

By Dimensionless frequency number for hyperbolic terms in the r-th
vibration mode

A, Mass normalisation constant for the r-th vibration mode

C; Coefficients for finite difference approximations or coefficients

determined by boundary conditions in the Timoshenko beam equation

T Truncation coefficient in finite difference approximations

€ Small tolerance for vertex merging in STL slicing

A Area [mmz]

L, Iy, Ly Moments of inertia about the x, y axes, and product moment of inertia
[mm*]

P Perimeter [mm]

K Curvature [mm™1]

HR Height ratio, normalised vertical position of slice

D. Normalised distance from centroid to global centre

Zslice Vertical position of a slice [mm]

K(x;,x) Kernel function for Support Vector Machine

fz Feed per tooth [mm/tooth]

@y lim power Axial depth of cut limited by spindle power [mm]

Py Power limit [kW]

Ko, Kr Cutting force coefficients [MPa]

1. Introduction

Reducing cycle times in new machining projects is crucial for man-
ufacturers to maximise return on investment. In such cases, the aim is to
increase the material removal rates by selecting the most suitable
chatter-free cutting conditions, as determined by stability lobe diagrams
(SLDs). However, obtaining reliable SLDs in the early stages of pro-
duction remains a challenge at an industrial level. This is because it
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requires accurate prediction of tool tip dynamics, which traditionally
demands both specialised expertise and extensive time investment to
characterise numerous holder-tool combinations.

Receptance coupling substructure analysis (RCSA) has become a
standard approach for predicting tool tip dynamics [1], reducing the
need for experimental measurements. This approach analyses the dy-
namics of each substructure separately and then couples them to
calculate the overall dynamics of the system [2]. The significant benefit
of RCSA is its analytical efficiency and ability to seamlessly integrate
measured and modelled data in the frequency domain. Components with
relatively simple geometries can be modelled using classical beam the-
ories, whereas more complex components, such as direct-drive milling
spindles with proprietary design, can be measured (e.g., using standard
tap-testing) and archived in databases for future use [1].

The modelling of complex cutting tool geometries has significantly
progressed since the inception of RCSA by Schmitz and Donalson [3],
who relied on a simplified Euler-Bernoulli beam theory for dynamic
prediction. This foundational work was later expanded by Ertiirk et al.
[4], who utilised Timoshenko beam theory to account for shear defor-
mation and rotational inertia effects, thereby improving the accuracy,
particularly for non-slender tools. However, their approach remained
constrained to simple geometries, limiting its applicability to tools with
intricate or variable cross-sections.

Kivanc and Budak [5] advanced the representation of fluted tool
geometries through an arc approximation method, which addressed
some geometric complexities. Nonetheless, their approach required
manual parameter measurement, making it less efficient and effective
for tools with highly variable cross-sections. Ozsahin and Altintas [6]
further advanced geometric modelling by developing analytical
methods for asymmetric tools and helix angle effects, yet their approach
required extensive manual setup. Mancisidor et al. [7] made computa-
tional advances using a fixed boundaries approach in combination with
Timoshenko beam theory. Nonetheless, considerable challenges persist
in accurately modelling the complex contact dynamics between tools
and holders.

Tunc [8] introduced a stereolithography (STL) slicing algorithm for
modelling cutting tools, enabling accurate calculation of cross-sectional
properties directly from 3D models with improved computational effi-
ciency. However, this approach does not fully address variations in tool
geometry and materials, such as holder-tool interface, inner cooling
channels, and end mills with multiple inserts. Furthermore, cutting tools
manufactured using additive techniques, such as those incorporating
complex internal cooling channels or lattice structures for thermal
management, are also not addressed, underscoring challenges in auto-
matically classifying material transitions, particularly at interfaces be-
tween tool bodies and holders composed of different materials.

Most recently, Park et al. [9] introduced a machine learning-based
approach that integrates computer vision and convolutional neural
networks to predict tool tip dynamics. This methodology reduces de-
pendency on experimental setups by using image-based geometry
extraction and trained ML models. While promising in terms of auto-
mation and scaling across diverse configurations, it presents challenges
such as the need for large datasets and the incorporation of complex
material property variations.

Joint contact dynamics modelling at tool-holder and machine-holder
interfaces represents another critical aspect of RCSA development. Liao
et al. [10] employed fractal theory and Hertz contact mechanics to
characterise shrink-fit interfaces, demonstrating how radial interference
and tool insertion length affect joint stiffness. However, their model was
limited to shrink-fit holders and did not address other interface types.
Miao et al. [11] proposed an analytical model incorporating distributed
nonlinear spring-damping layers for multiple joint interfaces, including
collet-holder connections. While their approach considered translational
and rotational motions, they did not fully address the complex nonlinear
behaviour at collet interfaces. Schmitz et al. [12] empirically demon-
strated that rotation-to-moment stiffness follows a second-order
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dependence on tool diameter while other stiffness terms remain con-
stant, but the underlying physics of this relationship remains unex-
plained. These studies highlight a critical need for experimental
validation across a broader range of holder configurations. Furthermore,
while theoretical frameworks for nonlinear contact dynamics exist, a
significant gap remains between these complex models and their prac-
tical implementation in industrial settings.

Park et al. [13] first established the importance of rotational degrees
of freedom (DOF) in coupling accuracy and proposed an inverse recep-
tance coupling approach using short and long solid carbide rods to
extract  rotational receptances from  direct and cross
displacement-to-force measurements. While this method demonstrated
that rotational DOF improves tool tip prediction accuracy, the complex
mathematical formulations and specificity to tools with the same
holder-tool connection geometry have limited its industrial application.

Schmitz et al. [14] incorporated rotational DOF and employed a
second-order finite difference approach (FDA) together with the reci-
procity principle to obtain the displacement-to-moment (L) and
rotation-to-force (N) receptances. They utilised a synthesised formula to
estimate the rotation-to-moment (P) receptance, requiring only three
translational frequency response functions (FRF) to calculate the full
receptance matrix at the tip. However, the synthesised formula intro-
duced some errors in the P component, leading to the occurrence of extra
modes and signal distortion, which decreased the accuracy of tool tip
predictions [15,16].

Albertelli et al. [15] proposed a second-order FDA to address these
issues, requiring nine FRFs. The efficacy of this approach depends on the
number of accelerometers [17]. For instance, if three accelerometers are
utilised, a single setup is sufficient, requiring only three impact tests.
However, this setup adds extra mass to the structure, necessitating
additional processing to compensate for this mass and improve predic-
tion accuracy [17]. If only one accelerometer is available, it must be
moved to three positions, resulting in nine impact tests. This method is
time-consuming, especially when repeated measurements are needed to
ensure reliability. Additionally, signal uncertainties are increased due to
misalignment between the intended and actual force direction during
impact [18].

To compensate for extra modes and signal distortion, Ji et al. [16]
introduced an enhanced technique involving two compensation strate-
gies to process data from impact tests. The first compensation strategy
conducts modal analysis on the displacement-to-force and
displacement-to-moment relationships at the tip to obtain mode infor-
mation and derive the rotation-to-moment relationship. The second
strategy computes and then corrects for extra modes by referencing the
displacement-to-force and displacement-to-moment relationships,
which do not have extra modes. Although this methodology does not
require additional experiments, it is limited by the need for additional
signal post-processing, which constrains its applicability in industrial
scenarios.

Recent works on determining in-process tool tip dynamics have
explored various approaches to overcome static measurement limita-
tions. Wan et al. [19] developed a cutting state-independent method that
combines RCSA with operational modal analysis for rotating tool sys-
tems, with validation demonstrated on micro-milling applications. Their
approach determines in-process poles from cutting tests using
non-contact laser sensors for velocity measurements and established
signal processing techniques, thereby avoiding impact testing on the
rotating tool. Ji et al. [20] developed a frequency-based substructure
method for determining rotating tool-tip FRFs by measuring
holder-points, later enhancing this with a calibration rod selection
strategy [21]. Nevertheless, these methods require physical testing of
the specific tool or calibration rods under operating conditions, rather
than enabling prediction at the design stage using only the geometric
information of the tool.

Thus, it can be seen that significant advancements have been made in
RCSA methodologies; however, several critical challenges hinder their
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broader adoption. Firstly, the requirement for numerous impact tests
and intricate measurement setups renders existing methods impractical
for industrial applications. Secondly, the limited expertise in industrial
environments to implement complex theoretical models or advanced
software further constrains the adoption of these methods. This un-
derscores the need for quick and automated computational approaches
that simplify the prediction of tool tip dynamics while maintaining ac-
curacy. Lastly, the absence of automated solutions for modelling the
complexity of tool geometries, material variations, and tool-holder in-
terfaces further restricts RCSA applicability in production environments.

This paper, therefore, presents a novel computational approach
using RCSA to predict tool tip dynamics, which enhances both theoret-
ical rigor and industrial practicality. The core contribution is a dual
approach to dynamic prediction: a simplified first-order finite difference
method requiring only three impact tests with a single accelerometer
(optimised for industrial deployment). The first-order methodology
dramatically reduces implementation complexity and experimental
overhead compared to existing approaches. The accuracy of this method
is demonstrated by extensive validation across multiple holder types
(shrink-fit, collet chuck, hydraulic, and high-power chuck). The theo-
retical framework is strengthened by an advanced machine learning-
assisted slicing algorithm that automates geometric analysis of com-
plex tools directly from STL files automatically identifying components,
predicting material properties, and modelling contact stiffness. This
automation is enhanced by a comprehensive contact dynamics frame-
work that captures coupling between translational and rotational mo-
tion while incorporating frequency-dependent joint behaviour.
Together, these advances make reliable prediction of tool tip dynamics
more accessible for industrial applications.

2. Methodology description
The methodology proposed in this paper aims to balance accurate

prediction with a minimal number of frequency response function (FRF)
signals. Additionally, the setup is designed to be straightforward,
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enabling easy implementation in a production environment with mul-
tiple machines, holders, and cutting tools. This approach is also efficient
regarding time and cost, enhancing its practicality for industrial appli-
cations. The machine-spindle-holder-tool combination is divided into
three substructures: machine-spindle-flange (MSF), holder (H) (without
flange and taper), and tool (T), as shown in Fig. 1.

The joint between the machine-spindle and the holder is modelled as
rigid and the holder and tool joint is modelled by contact stiffness matrix
Kpyr. It should be noted that the holder is considered without the taper
and the flange, because for a given spindle, all holders inserted in that
spindle will typically have the same flange geometry. In such cases, only
the portion of the holder extending beyond the flange varies, as this
extension is necessary for automatic tool changes.

The following equations explain how the values described in Fig. 1
are obtained. The proposed methodology is illustrated in Fig. 2, which
outlines the steps involved.

1) Obtain the receptance matrix [Gss]y; exp at the tip (position 3) of the
Machine-spindle-flange-holder 1 (MSF-H1) assembly. Three impact
tests are required (Hzgsq, H3psp, H3q3p), as outlined in subsection 2.1.
Follow the guidelines in section 2.3 to determine the spacing be-
tween impact positions (s).

HSB L33

[G33]H1 exp |:N33 P (@)

:| H1 exp

2) Obtain the receptance matrix [Gi1]y; o, (position 1) at the tip of the
MSF-H1-T1 assembly. Three impact tests are required (Hiqiq, H1p1p,
Hia1p), as outlined in subsection 2.1. Follow the guidelines in section
2.3 to determine the spacing between impact positions (s).

Hll :|
T1 exp

L
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Fig. 1. Spindle-holder-tool substructures and assembly for the proposed computational approach using Receptance Coupling Substructure Analysis
(RCSA) to predict tool tip dynamics. (a) Decoupling holder 1 (H1) from the machine-spindle-flange assembly (MSF) to obtain the MSF receptance matrix ([Gss]).
(b) Decoupling tool 1 (T1) from the machine-spindle-flange-holder 1 (MSF-H1) assembly to obtain holder-tool contact stiffness matrix ([Kyr]). (c) Coupling new tool

(T2), with a new holder (H2) and the MSF.
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Fig. 2. Proposed methodology to predict tool tip receptance using analytical modelling and Receptance Coupling Substructure Analysis (RCSA). The methodology is
presented in a linear fashion, running from left to right. Green boxes represent the main contributions in the proposed methodology. (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web version of this article.)

3) Obtain the receptance matrices [R]y; and [R|;; for H1 and TI, 5) Apply IRCSA to determine the contact stiffness matrix [Kyr]. The
respectively. The analytical Timoshenko beam theory [4] is used to stiffness and damping terms are defined by their subscripts. The first
obtain direct and cross receptances from the substructures. subscript (x or 0) indicates the direction of motion (translation or

rotation), while the second subscript (f or m) denotes the type of

Rl = {[Rss] [Rg"]} 3) loading (force or moment). In this step, T2 is decoupled from the

[Ras]  [Raa] |y

MSF-H1 assembly, as shown in Fig. 1b. The matrices [Gi1]

T1 exp’
s = {[Rn] [Ru]} @ (G331 exps @nd [R]y are utilised.
T [Ra] [Ra2] |y
_ kys + iwock kos + iwoc - _ 1y -1
(Kirr] ™ {k oo ke +iwc2ﬂ = (Ruzlri (Rl = [Guilyy ewp) Rarlr) = [Galon exp — Rzl O
X HT
4) Apply IRCSA to determine the MSF receptance matrix [Gss|. In this
step, H1 is decoupled from the MSF assembly, as shown in Fig. la.
The matrix [Gs3]y; ey and [R]y; determined in steps 1 and 3 are used. 6) Obtain the receptance matrices [R];, and [R]y, for T2 and H2,
respectively. The slicing-ML-TBT-RCSA algorithm detailed in sub-
[Gss] = {ﬁ: ;’:} = [Ras] — [Ra4] - ([Gaslir exp + [R44])71~[R43] (5) section 2.4 is used to obtain direct and cross receptances of sub-

structures T2 and H2.
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_ | Ru] [Re]

[R]Tz - |: [Rzl] [Rzz] :| T2 (7)
_ | [Ras]  [Rad]

Rl = |:[R43] [R44] } H2 :

7) Predict the tool tip receptance matrix [G11]py pesa- I this step, the
matrices obtained in steps 4, 5, and 6 are utilised.

[Gll] _ |:H11 L11:|
T2 RCSA 1\[11 Pll T2 RCSA

8) An impact test is conducted in the assembly MSF-H2-T2, to obtain its
receptance matrix [Gi1]y, - Finally, this matrix is compared with
the obtained via RCSA in the previous step to complete and validate
the prediction.

The proposed methodology offers a streamlined approach, rendering
it accessible and easier to implement in an industrial setting. The ad-
vantages of this methodology include.

o Testing efficiency: only three signals are necessary to derive the full
receptance matrix, significantly reducing the number of tests
required for each machine, which is advantageous on the shop floor.
Additionally, it simplifies the acquisition of the contact stiffness
matrix for tools with varied holder-tool geometries.

Simplified setup: conducting the tests requires only three impacts
using a single accelerometer. Unlike previous methods, the proposed
approach simplifies the experimental procedure, reduces measure-
ment uncertainty, and decreases the number of signals that need to
be post-processed.

No extra modes: does not introduce any additional modes, elimi-
nating distortions in the rotation-to-moment receptances. Conse-
quently, it reduces uncertainty in predicting the tool tip dynamics.
No extra post-processing: there is no need for additional post-
processing to obtain the full receptance matrix. The proposed
methodology inherently handles signal distortions, eliminating the
need for further steps to correct or eliminate errors.

Modelling efficiency: ensures time-efficient and accurate free-
dynamic modelling without external FEA software by integrating
analytical Timoshenko beam equations and RCSA with a ML-slicing
algorithm to account for holder-tool geometrical and material
details.

fi(®)

| ;‘
( o

(@)
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It is important to note that whilst this methodology significantly
reduces complexity compared to previous approaches, it does not
eliminate the need for expertise in the initial dynamic characterisation.
Users still require fundamental knowledge of vibration theory, proper
experimental setup techniques, and appropriate data interpretation
skills for the first characterisation of the machine-spindle receptance
matrix and holder-tool contact stiffness. However, once this initial
characterisation is completed, the methodology enables users to predict
the dynamic behaviour of a wide range of tools without additional
experimental testing.

=[Rutlp — [Ruzls - ((Gialpy exp + Kiar) " + [Razlrs) ™[Rty ©)

2.1. Full receptance matrix estimation

This section outlines the method to reduce the number of experi-
mental tests while ensuring accurate calculation of the full receptance
matrix, including both translational and rotational effects. It should be
noted that this procedure is employed to obtain both [Gss] and [Kur]
using Egs. (5) and (6), respectively. The proposal is based on Sattinger
[22], who showed that the full receptance matrix can be obtained by
derivatives of the FRF, as shown in Eq. (10).

OH;
Hy
IR B R S
0; Ny Py || M oH; o°H; |\ M
651 681(382

where Hy is the displacement-to-force, L; the displacement-to-moment,
Nj; rotation-to-force, and P; the rotation-to-moment. The subscripts i and
j represent the displacement and force position, respectively, at which
the receptance is obtained. s; is the displacement measurement (e.g.,
using an accelerometer or laser displacement sensor) and s, the distance
of the applied force (with the impact hammer) concerning a reference
point (Fig. 3). The derivatives are obtained by finite difference ap-
proximations (FDA) due to the discrete nature of the experimental tests
[23]. The complete mathematical derivation of the full receptance ma-
trix components is provided in Appendix A.

To simplify the procedure and apply the reciprocity principle, Sat-
tinger [22] assumed that the accelerometer measurement position (s1)
and hammer impact position (sz) should be the same, later denoted as s
(measurement spacing). Moreover, as the methodology focusses on the
tip receptance matrix, the terms of primary interest are Hig1q, Ligias
Nia1a, and Pig1q.

The equations used by Schmitz et al. [14], Albertelli et al. [15], and
the proposed are compared in Table 1. Based on these equations, Fig. 4
presents the experimental setup used in each methodology, employing

s Xj (w)
2—>

i f
() )é] l S) ’

(b)

Fig. 3. Receptance Measurement Setup. (a) Force applied at j and displacement measured at i at distance s; and (b) displacement measured in i and force applied
at j at distance s,. Both configurations illustrate the experimental setup for determining receptance components. Adapted from Sattinger [22].
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Table 1
Comparison of equations to calculate the components of the full receptance matrix.
Albertelli et al. [15] Schmitz et al. [14] Proposed
Lo — 3Hig1a — 4H1a1p + Hia1e Ligia = 3Hia1a — 4Hiap + Hiaic Lot — Hiaia — Hiaw
tata 2s Nigta = Liata tata s 13)
Nigia = Liaia 12) Niga = Liaia
L — 3Hipia — 4Hips + Hipie
1b1a 2s an
Niaiy = Lip1a
Lo — 3Hic1q — 4Hicp + Hiae
1cla — 2—
S
Nlalc = Llcla
3Liq1a — 4L1pra + Licia L? Higia — 2H1a16 + Hipip
Prag=—"—a a4 Pia1a :Hlmlm (15) Pra=—""5 — (16)
x3 x3 x3 x1 x1 x1 X1 X2
=S5 =515 s
1c 1b da ic 1 1a 1b 1 |p
—S——s— Q '_STQ
- : —

(a)

(b)

L
(c)

Fig. 4. Experimental test setups for obtaining receptances using (a) Albertelli et al. [15], (b) Schmitz et al. [14], and (c) the proposed methodology. Positions 1a,
1b, and 1c indicate where measurements (displacement or acceleration) and/or impacts are made, with s denoting the measurement spacing.

the standard tap-testing equipment (i.e., accelerometer and hammer).

Schmitz et al. [14] employed a second-order FDA to derive the L1414
and Njq1,4 terms, as shown in Eq. (12). They also applied the reciprocity
principle to establish the equality L1414 = N1a14 and subsequently used a
simplification based on [24] to derive Py,14 using Eq. (15). However,
when the denominator Hjq1, approaches zero, it introduces a degree of
inaccuracy. This situation leads to the appearance of extra modes that
distort the Py414 signal, as illustrated in Fig. 7b.

To address this issue, Albertelli et al. [15] used a second-order FDA to
calculate P44, as set out in Egs. (11) and (14). These equations retain
only the measurement spacing s in the denominator, effectively elimi-
nating extra modes. While this approach improves accuracy, it lacks
practicality due to the requirement for nine translational frequency
response functions (FRFs). These additional FRFs complicate the
experimental procedure and increase uncertainty caused by the disper-
sion of hammer impacts around the ideal excitation points [18]. A
theoretical error analysis of the second-order FDA and its sensitivity to
measurement uncertainty is detailed in Section 2.2.

To validate the accuracy of the proposed equations (13) and (16), a
simplified version of the spindle-holder depicted in Fig. 5a, was ana-
lysed. The analytical RCSA Timoshenko beam theory (TBT) formulation
proposed by Erturk et al. [4] was used as a reference for comparison, due
to it is a closed-form solution. The complex structure was segmented into
substructures for individual analysis, as shown in Fig. 5b. Values for
bearing dynamics under operational conditions and dynamic properties
for interfaces identified by OZ§ahin et al. [25] were utilised. The tool was
excluded from the analysis as the tip of the holder was sufficient for
validation purposes.

Fig. 6 illustrates the nine translational FRFs required by the Albertelli
et al. [15] methodology, following the setup shown in Fig. 4a. As ex-
pected, all vibrational modes exhibit the same natural frequency, but
their magnitudes differ. Interestingly, the cross FRFs are identical to

their reciprocals (e.g., Hiq1p is equal to Hypy,), supporting the use of the
reciprocity principle to reduce the number of required FRFs, as shown in
Eq. (16).

Fig. 7a illustrates the displacement-to-moment components (L1q14)-
Both the first-order FDA (used in the proposed methodology) and the
second-order FDA (used by Schmitz et al. [14] and Albertelli et al. [15])
accurately fit the response signal obtained analytically with the RCSA
TBT [4]. Although second-order finite differences theoretically have
lower truncation error, the practical differences between the two
methods are negligible here— peak magnitude error in Fig. 7a is lower
than 0.3 %. This small discrepancy is attributed to the appropriate
choice of measurement spacing (s), as discussed in Section 2.3

A significant characteristic of the proposed methodology is the ac-
curacy of Pyq14. Fig. 7b compares the response of P1414 across the three
methods with the analytical RCSA TBT [4]. The Schmitz et al. [14]
methodology reveals additional vibration modes due to the zeros of the
FRF (Hiq14), which generate signal distortion. In contrast, the Albertelli
et al. [15] method (second-order FDA) and the proposed method
(first-order FDA with reciprocity principle) exhibit similar behaviour,
closely aligning with the Timoshenko model. Notably, our approach
achieves a peak magnitude error of below 0.01 %, demonstrating that a
first-order FDA can reach very high accuracy when the measurement
spacing (s) is properly selected, as discussed in Section 2.3.

The number of FRFs is also critical. The Albertelli et al. method
employs the second-order FDA, initially requiring nine FRFs for imple-
mentation. By applying the reciprocity principle, as demonstrated in Eq.
(17), this requirement can be reduced to six FRFs without compromising
accuracy—a finding validated by the unaltered behaviour of the signal
denoted as ’Simplified’ in Fig. 7b. Our proposed method utilises first-
order FDA, requiring only three FRFs, thus offering a more efficient
approach through simplified signal processing and experimental setup.
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Fig. 5. Spindle-holder-tool assembly: (a) in complex and (b) simplified form
using cylindrical beams (denoted as B), interfaces, and bearings. Components
labelled: (1) Holder, (2) Front Bearing, (3) Spindle, and (4) Rear Bearing.
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Fig. 6. Translational FRFs obtained analytically. Nine Frequency Response
Functions (FRFs) are depicted, as required by the Albertelli et al. [15] meth-
odology. Dashed signals overlap with their reciprocals (e.g., Hiq1p With Hip1q)
following the reciprocity principle [22]. The subscripts indicate measurement
and excitation points: the first number refers to the measurement location,
while the second letter denotes the section where the excitation is applied, as
illustrated in Fig. 4.
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9H101a — 24H1a1p + 6H141c — 8Hipic + 16H1p1p + Hicrc
452

Plala = (17)

2.2. Truncation errors vs. uncertainty propagation in FDA methods

This subsection presents a theoretical error analysis of finite differ-
ence approximation (FDA) methods, establishing general equations for
calculating both truncation and uncertainty propagation errors. Inspired
by Gibbons et al. [26], we develop a comprehensive mathematical
framework that demonstrates how measurement noise amplification can
offset theoretical truncation advantages in higher order methods. Rather
than revisiting the mass loading effects documented by Ji et al. [27], this
analysis establishes optimal measurement spacing criteria and identifies
error thresholds where first-order FDA outperforms the second-order for
estimating the full receptance matrix.

To establish the mathematical framework for our error analysis, we
recall the relationship between translational and rotational degrees of
freedom from Eq. (10). Each frequency response function (Hj,L;;,N;;, and
P;j) can be characterised by its mode shapes ¢, and their corresponding
eigenvalues

Hj(w) = Zl %‘ﬁaﬁ") 1s)
N D (5 :

o $E40
N VbV (5¢:

Lij (a)) _ Zl: ¢r(:i2)frng1) (20)

o )

D 1)

w? —

The subscripts i and j in Egs. (18)-(21) represent the displacement and
force position, respectively, at which the receptance is obtained. N is the
total number of measured modes, w is the excitation frequency, and w; is
the rth natural frequency. The superscript in the rotational mode shapes
#'V indicates the first derivative with respect to the spatial coordinate.

2.2.1. Univariate error analysis
For the univariate function ¢r(x), we approximate the m-th
derivative
) m! Imax )
D" (%) = > Cipy(x+is) (22)

i=imin

where x is the coordinate of interest, s is a small spacing on the structure,
C; are the coefficients of the finite difference formula, and ¢, has a
continuous bounded derivative.

By Taylor’s theorem, if ¢, has a continuous bounded derivative of
sufficient order, the truncation error is bounded by

| (x) — DI p (x)]| < Ts™ || V) || (23)

where H(br(n“) || is the Euclidean norm of the vector ¢**), and T is the
truncation coefficient that depends on the specific finite difference for-
mula being used.

In practice, measurements inevitably contain errors. Consider the
measured mode shape ¢, , which is the sum of the actual mode shape ¢r
and some measurement perturbation &, as expressed in Eq. (24).

b= +6r @4

This perturbation may contain signal noise as well as measurement
or curve fitting errors. When a finite difference equation is applied to
such data, it is applied to both the mode shape and the perturbation,
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giving rise to the propagation error. For any point x in the region of
interest

|(/)r(x)_ nn(x)lg ”4)7‘_{/)IT7IH <M (25)

here, [¢.(x) — ¢nn(x)| is the Euclidean distance between the vectors ¢r
and ¢ry, and M is defined as the upper bound on the measurement
perturbation. Applying the finite difference operator to the perturbed
data

" b (x) = D™ b, (x) + DM e (x) (26)
The noise propagation error can be bounded by Eq. (27).

iMZ

=imin

", (x) ~ D" (x @7)

2.2.2. Total error
The total error is the sum of truncation and propagation errors, as
formulated in Eq. (28).

Imax

ST+ M > |G

i=imin

er =" (x) — D" by (x) (28

Herein lies the most significant problem when applying finite dif-
ference formulae with real data. As s — 0, the truncation error tends to
zero, whilst the propagation error tends to infinity and the method be-
comes unstable.

2.2.3. Optimum spacing

By minimising the upper bound of the total error in Eq. (28), the total
error itself will be minimised; therefore, a value of s must be chosen to
balance the two terms. Setting the first derivative (with respect to s) of
the total error bound to zero.

d (Tsn H ¢(n+1 ” + M Z

i=imin

imax
19 g —m e 3 e
i= lmm
1
imax n+m
mm!-M, >
=imin
nT || "V ||
For first derivative (m = 1), Eq. (61) simplifies to
1
imax n+1
M. > |G
i= lmm
Smin= | (30)
nT || ™™ ||

The detailed values of the coefficients C; and the truncation coeffi-
cient T for various orders of finite difference schemes are provided in
Appendix A.

2.2.4. Bivariate error analysis

For a bivariate function ¢, (x;,x2), we approximate the mixed partial
derivative ¢{™ ™) (x;, x,) using finite differences with spacings s; and s,
as shown in Eq. (31).

ml' my! i1 max i3 max
Ds;n§2m2 ¢ (x1,%2) = (sml sz) Z Z Ciy iy - (X1 + 1181, X2 + 1252)
1

iy =i min I2=l2min

(3D
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where C;; j» are the coefficients of the bivariate finite difference formula,
typically obtained as the outer product of the univariate coefficients.
The truncation error for the bivariate case follows similar principles to
the univariate case, as expressed in Eq. (32)

B (361, X2) — DI b, (x1,52) | < Tast || pI || 4 Tosh

g (32)
where Ty and T, are truncation coefficients corresponding to the x; and
Xy directions, and n; and ny are the orders of the finite difference ap-
proximations in the respective directions.

When working with measured data containing perturbations, the
relationship is analogous to Eq. (24)

Pm (X1, X2) = (X1, X2) + &(X1, X2) (33)
where |&r(x1,x2)| < M, the propagation error is bounded by Eq. (34).

- D§T§ZMZ)¢HH (X1 ) XZ)

DM (x1,%2)

$1.52

m1|m2 i1 max g max
(g >

i1=i1 min i2=l2 min

iz (34)

2.2.5. Bivariate total error
The total error for the bivariate case is given by Eq. (35).

er =M™ (x1,x5) — DML (e, XZ)‘ STisit || || o+ Tpsly

S1.52

i1 max i3 max
” (/}m1 iz tl) H + < my > Z Z i1.ip
$1 S

i1 =11 min 12=12 min

(35)

For the mixed first derivative (m; = my = 1) with equal spacing (s; =
sz = s) and assuming similar derivative norms, the error simplifies to

i1 max i2 max

> > Y. [Cui (36)

iy =iy min 12=12.min

er < 2Ts" || ™11 +

where T is the common truncation coefficient (listed in Appendix A) and
n is the common order of the finite difference approximation in both
directions.

2.2.6. Bivariate optimum spacing

To find the optimal spacing that minimises the total error in the
bivariate case with equal spacing in both directions, we differentiate Eq.
(36) with respect to s and set equal to zero

i1 max i3 max

z 2 D |Can||=0

=01 min ©2=12,min

d
& 2Ts" HdnJrll H +

i1 max 12 max

2nTsn—l ” ¢£n+l.l Z Z i =0

iy =iy min 12=l2 min

fimax  I2max

M, oYY

i1 =it min 12=12,min

C:

iy iz

37

Smin =

A [ |

2.2.7. Comparative analysis: first-order vs second-order methods

This section presents a mathematical comparison between first-order
and second-order backward finite difference methods for univariate and
bivariate cases, identifying conditions where lower-order methods
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outperform higher-order methods despite their theoretically higher
truncation errors.

2.2.7.1. Univariate case comparison. For the first-order backward dif-
ference method, referring to Appendix A, wehaven = 1, T = 1/ 2, and
37 |Ci| = 2. Substituting these values into Eq. (30), the optimum spacing
becomes

1 1
M,-2 i) am, \?
Smint = [ —— | = (38)
' (1-(1/2)~||¢£2> |> <|¢£2> |>

At this optimum spacing, the total error from Eq. (28) becomes

1 2M,
€r.min = 5Smin.1 I @ + ﬁ (39)
'min,

Substituting Eq. (38) into Eq. (39) and simplifying
1 1
er1min=2-M- | |2 (40)

For the second-order backward difference method, Appendix A gives
n=2,T =1/3,and }_ |Ci| = 4. Using Eq. (32), the optimum spacing is

1 1
M,-4 2+ 6M, \°
Smin2 = | —————=— =|—F=— (41)
? <2-<1/3>~||r/>£3> |> <|¢£3> |>

The total error at this optimum spacing is

1 4M,
eranin=35mnz | 971 + (42)

Smin,

Substituting Eq. (41) into Eq. (42)

2 1
eramn=6-M: || |3 (43)
To determine when the first-order method outperforms the second-

order method, we require

Cramin - (44)

€T.1.min
Substituting Egs. (40) and (43) into Eq. (44) and solving to find M,

4 211

ST “>

The previous equations can be further simplified using the assump-
tions of Euler-Bernoulli beam theory. The governing differential equa-
tion for transverse vibrations of a uniform beam is

El“ (x) + pAy@ (t) = 0 (46)

where E is the Young’s modulus, I is the second moment of area, p is the
material density, A is the cross-sectional area, y is the transverse
displacement, x is the spatial coordinate, and t is time. For free vibration
at frequency o, the mode shapes ¢,(x) satisfy

¢ (x) = A}, (x) =0 47

where A} = (pAw3)/(EI). This allows us to relate higher-order de-
rivatives to the mode shape

o = A, (48)
Using the assumption in Eq. (48) into Eq. (45)

"8 22 81T
M, > 4.94%|| ¢, || (49)

Therefore, the first-order backward finite difference method
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outperforms the second-order method in the univariate case when the
measurement perturbation bound exceeds 4.94 % of the mode shape
norm.

2.2.7.2. Bivariate case comparison. For the bivariate case, the analysis
follows a similar approach but considers spacing in two directions.
When both spacings are equal (s; = s2 = s) and we seek the mixed first
derivative (m; = my = 1), the optimum spacings can be derived from
Eq. (37).

For the first-order bivariate method (n = 1), with T=1/2 and }_
|Ci1,i2| = 4, the optimum spacing is

1 1
M, 1+2 M, 3
Smin,1,biv = (4(21)> = (8(21)> (50)
1-(1/2)- [|¢& | Il &= |l

The total error at the optimum spacing in Eq. (50) can be calculated
to be
L 2
€71 biv,min = 3M§ H¢£2,1) H3 (51)

For the second-order bivariate method (n = 2), with T=1/3 and )
|Cii2| = 16, the optimum spacing in Eq. (37) becomes

1 1
M,16 2 24M, \*
Smin2biv = | = m D =G (52)
(2'(1/3)' [l |> (K5
With a corresponding total error, replacing Eq. (52) into Eq. (36)
8v6 1 1
€72 biv.min = TMg 302 (53)

When comparing the ratio of errors between second-order and first-
order methods and determining when this ratio exceeds unity as
established in Eq. (44) and solving to find M,

6

3v6\° I 4201

M, > (—) — (54)
16) 4

Employing the Euler-Bernoulli beam theory relationships to the
bivariate derivatives, where we consider the physical context of exper-
imental modal analysis (with x; representing the displacement coordi-
nate and x, the force application position), we can establish the
relationships

¢(m+k.n) :llrc‘qgﬁm.n) (55)

r

(/)(m.n+k) :ﬂk.¢(m,n) (56)
r T r

where ¢{™" represents the mixed partial derivative of order m with
respect to the first variable, order n with respect to the second variable,
and k is the additional order of differentiation with respect to the other
variable. Using the assumptions in Egs. (55) and (56) into Eq. (54)

3V6\° 110 | (3vV8\° 0
M'>(16>' A N<16> K

M, > 0.94%)| 4, | (57)

This threshold is lower than in the univariate case, indicating that for
bivariate applications such as those involving mixed partial derivatives
in frequency response functions, the first-order method becomes ad-
vantageous at much lower measurement perturbation levels.

2.2.8. Practical interpretation

The relationship between the measurement perturbation bound (M,)
and the standard deviation of measurements (o) can be established by
considering the statistical properties of the measurement error.
Assuming that measurement errors follow a normal distribution, it is a
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well-established statistical principle that approximately 95 % of the
values from a normally distributed variable lie within the range y + 20,
where yu is the mean and o is the standard deviation.

When considering repeated measurements of mode shapes at any
location, the set {@. 1 (X), P2 (X), ..., @i (X)} exhibits approximately
normal distribution. Therefore, the measurement perturbation bound
can be related to the standard deviation as

H Zo_rHSMr (58)
where o is the standard deviation of the measured mode shapes from
their mean. This relationship allows us to express our findings in terms
of practically measurable quantities. Therefore, the first-order backward
finite difference method outperforms the second-order method in the
univariate case when the standard deviation of measurements exceeds
2.47 % of the mode shape norm

o,> 0.0247- ||¢, || (59)
And for the bivariate case, when the 0.47 % is exceeded.
6> 0.0047- ||, || (60)

This analysis has direct implications for tool tip dynamics predictions
in machining applications. For accurate characterisation of machine tool
dynamics, all four frequency response functions—translational/force
(Hj), rotational/force (Njy), translational/moment (L;), and rotational/
moment (Pj)—are required. The latter three necessitate spatial de-
rivatives of mode shapes, with L; and Nj; requiring univariate derivatives
and P; requiring bivariate derivatives.

Our findings demonstrate that first-order finite difference methods
should be preferred over second-order methods when the standard de-
viation of measurements exceeds 2.47 % of the mode shape norm for
univariate derivatives and just 0.47 % for bivariate derivatives. In
practical machine tool testing, these thresholds are frequently exceeded
due to sensor placement errors, impact force variations, and environ-
mental factors [18]. Given that the rotational/moment receptance (Py)
is particularly sensitive to measurement errors in its bivariate calcula-
tion, the advantage of first-order methods becomes especially pro-
nounced for this crucial component. These finding challenges
conventional numerical analysis wisdom, which typically favours
higher-order methods.

2.3. Guidelines for selecting measurement spacing (s)

Non-standardised artifacts are commonly used for experimental
characterisation of rotational degrees of freedom in machine tool dy-
namics. For machine dynamics characterisation, a holder-tool serves as a
measurement artifact, while a cylindrical bar serves for determining
holder-tool interface parameters [12].

A critical consideration in these characterisation methods is the se-
lection of measurement spacing (s) for the finite-difference approxima-
tion (FDA), where no consensus exists on its suitable value:

e Schmitz et al. [18] observed that increasing s improved FDA out-
comes but noted that proximity to the spindle posed a constraint in
signal-to-noise ratio,

e Albertelli et al. [15] described this as a trade-off: while a larger s
distance worsens the approximation given by Eqs. (11) and (14), it
reduces the impact of experimental uncertainties of the FRF on
predicting the tool tip dynamic receptance,

e Gibbons et al. [26] concluded that decreasing the s parameter
naturally reduces the numerical error associated with the FDA;
however, the method becomes unstable with smaller spacing.

To address these conflicting requirements, this section proposes a
systematic approach for selecting suitable measurement spacing based
on artifact geometry. The approach utilises non-dimensional parameters

10
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Fig. 7. Comparison of the receptance matrix components calculated by
the methods of Schmitz et al. [14] and Albertelli et al. [15], and the pro-
posed method with respect to the Receptance Coupling Substructure
Analysis (RCSA) Timoshenko beam model [4]. (a) Displacement-to-moment
(L1a14) and (b) rotation-to-moment (P1414) receptances. The simplified Albertelli
et al. [15] methodology employing the reciprocity principle is also presented.
Y-axis scale is logarithmic.

(s/L and s/D ratios, Fig. 4c), ensuring applicability across varying geo-
metric scales and artifact configurations. This universality makes the
methodology a theoretical foundation for characterising tool-holder
interfaces and machine head receptance matrices.

The method employs the analytical solution of Timoshenko beam
equations with basic inputs: geometric parameters (L, D, s), material
properties (density, Young’s modulus, and Poisson’s ratio) and bound-
ary conditions. Unlike finite element method (FEM) simulations, this
analytical approach enables rapid computation across a wide parameter
space, facilitating detailed s-selection map construction.

The maps are based on relative error calculations using Eqgs. (61) and
(62), where the subscript r corresponds to the vibration mode being
analysed, M represents the peak magnitude for the vibration mode, and
T corresponds to the RCSA Timoshenko beam model [4]. The analysis
uses the machine-spindle-holder assembly simplification presented in
Fig. 5b.

{M(L-lrala)r — M(L}lvg?a

) |
100
M(L{ala)r

%Error M(Liaq14), = (61)
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Fig. 8. Selection maps for the measurement spacing position s in relation to the length and outer diameter of the holder. (a) and (b) show the s-selection
maps obtained using the first-order finite difference approximation (FDA), while (c) and (d) present the results using the second-order FDA. The "suitable zone"
highlights the regions where the measurement spacing s ensures minimal error in the estimation of the receptance components.
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Fig. 8 presents comprehensive s-selection maps for both first order
(Fig. 8a and b) and second order (Fig. 8c and d) finite difference ap-
proximations, enabling direct comparison of their respective suitable
measurement zones. For each approximation order, maps are provided
for both the displacement-to-moment (L;,1,) and the more sensitive
rotation-to-moment (P;,41,) receptance terms.

In all maps, a suitable zone is defined as a region where the relative
error remains below 2 %, considered acceptable for rotational degrees of
freedom estimation in RCSA. Comparing first-order and second-order
maps reveals distinct differences in both the size and shape of these
suitable zones. The first-order FDA maps exhibit wider suitable zones
extending from approximately 0.1L < s < 0.5L with respect to length
and 0.5D < s < 8D with respect to diameter. In contrast, the second-
order FDA maps show more constrained suitable zones, particularly
for the critical P1414 receptance component, with suitable regions limited
to approximately 0.1L < s < 0.3L and 1D < s < 8D.

The second-order maps demonstrate not only narrower suitable
zones but also steeper error gradients outside these zones, indicating
greater sensitivity to non-suitable spacing selections. This seemingly
counterintuitive behaviour can be explained by examining the mathe-
matical foundation of finite difference approximations when applied to
the Timoshenko beam solution.

11

For the Timoshenko beam, the dynamic transverse deflection for the
r-th vibration mode is represented by

¢.(X) =A, [C; sin(a, - X) + C, cos(a, - X) + Cs sin h(B, - X) + C4 cos h(p, - X))
(63)

where the position is represented relative to the length of the beam as
X = x/L. A, is a constant obtained from mass normalisation of the
eigenfunctions. C;, Cy, C3, and C4 are coefficients determined by the
boundary conditions. The parameters a, and f, are dimensionless fre-
quency numbers that depend on the physical and geometric properties
of the beam, including diameter, length, density, Young’s modulus, and
Poisson’s ratio [4].

Standard truncation error analysis establishes that for small nor-
malised step sizes s = s/L, the second-order backward finite difference
approximation (FDA) ensures superior accuracy. The error is propor-
tional to (52 /3 ) ¢ (x) with O(5%) truncation error, while the first-order
error is proportional to (5/2 ) ¢® (x) with O(5) truncation error. How-
ever, the accuracy advantage of the second-order method diminishes
and can be reversed as s increases beyond specific thresholds relative to
the characteristic variations within ¢, (x).

This reversal can be explained because the derivation of FDA relies
on Taylor series expansions, where the error is represented by the first
neglected term and higher-order terms. For large s, these higher-order
terms, which are ignored in the leading error term analysis, become
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dominant. The n-th derivative of ¢,(X) from Eq. (63), denoted 4™,
contains terms with factors such as Gy, Coox™, C3p™, and C4p™.
When s is large, contributions from these higher derivatives (e.g., ¢§4>,
) multiplied by corresponding powers of 5 (e.g., 5%, 5°) constitute the
significant portion of the error, rather than the leading order term alone.

The parameters «, and f3, in Eq. (63) govern the spatial frequency of
trigonometric terms and the rate of change of hyperbolic terms,
respectively. Finite difference methods essentially approximate the
function ¢,(x) with a polynomial over the sampling points. The first-
order FDA uses the interval (x;_s, X1), whilst the second-order FDA
uses the wider interval (X;_o;,X1). As § becomes large relative to the
wavelengths implicitly defined by «, or the characteristic lengths of
hyperbolic variation from f,, the assumption that ¢,(x) behaves as a
low-order polynomial over the sampling interval breaks down. The
second-order method is more prone to error amplification because it has
to maintain fidelity over a wider 25, as opposed to the linear approxi-
mation of the first-order method, which maintains fidelity over a nar-
rower 5 interval. This phenomenon aligns with observations by Hafez
et al. [28], who noted similar behaviour in transonic flow calculations.
According to their findings, theoretically more accurate second-order
schemes failed to converge reliably in practice, while superior numeri-
cal robustness was demonstrated by simpler first-order schemes.

The case of rotation-to-moment receptance (Pi414) is particularly
challenging as it involves bivariate derivatives. As shown in Eq. (21), the
rotation-to-moment (P;) receptance involves the product of first de-
rivatives of the mode shape with respect to each spatial variable. The
error propagation in bivariate FDA is greater because errors from both
directions compound multiplicatively rather than additively. This ex-
plains why the suitable zone for P41, is more constrained than for Lj14,
particularly in the second-order FDA maps shown in Fig. 8d.

A different numerical issue arises when the measurement spacing
position (s) is set too small. For very small values of s, the frequency
response functions Hysq, and Hijg, become almost identical. The
numerator term (Hiq14 — Hiq1p) in Eq. (13) approaches zero, and with s
being small by definition, this ratio becomes mathematically unstable.
This establishes a lower bound for the measurement spacing required to
maintain numerical stability in finite difference calculations. This
mathematical instability manifests physically as erratic predictions of
rotational degrees of freedom, leading to unreliable estimates of the full
receptance matrix and consequently inaccurate tool tip dynamics pre-
dictions. The s-selection maps in Fig. 8 illustrate this effect, with errors
increasing dramatically as s/D and s/L approach zero, thus providing a
practical lower bound for measurement spacing to ensure numerical
stability in the finite difference calculations.
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From this preliminary analysis, it is concluded that the measurement
spacing position (s) must be selected according to the dimensions
(length and diameter) of the holder and tool (Fig. 4c). The proposed
selection maps serve as a guide for this determination. The objective is to
minimise the error; therefore, s/L and s/D ratios within the suitable zone
(less than 2 % error) in Fig. 8 are considered accurate. When geometric
constraints prevent selecting measurement positions within this suitable
zone, users should be aware that prediction accuracy will be reduced as
indicated by the contour lines. These locally introduced errors subse-
quently propagate through the receptance coupling equations and
impacting in the accuracy of the predicted tool tip dynamics.

2.4. Free-free dynamic modelling of cutting tools

This section presents an innovative algorithm for accurate and
computationally efficient free-free dynamic modelling of complex multi-
material cutting tools. Building on existing methods [8] it combines an
enhanced stereolithographic (STL) slicing algorithm with machine
learning (ML) techniques to accurately determine material and geo-
metric variations along the length of the cutting tool. The free-free dy-
namic response is obtained using Timoshenko beam theory (TBT) and
receptance coupling substructure analysis (RCSA). The implementation
involves the steps outlined in Fig. 9.

2.4.1. Data collection

A comprehensive training dataset that trains the model is established
to recognise and classify tool components and their properties. The data
collection process consists of three main elements.

e STL Collection: 3D STL geometries of cutting tools are stored in a
database. The cutting tools are classified according to their structural
family (e.g., shrink-fit holders, monoblock tools). This classification
methodology optimises the training process by creating well-defined
subsets of similar geometric characteristics. The dataset requires a
minimum of 10 representative cutting tools per family to ensure
sufficient data for model development and validation.

Geometric Processing: each 3D STL model is processed using a slicing
algorithm that generates cross-sectional slices along the longitudinal
axis of the cutting tool, preserving closed contours, and vertex co-
ordinates. Recommended slice heights range from 0.5 to 8 mm,
depending on the complexity of the cutting tool. For each resulting
slice, the algorithm extracts key geometric properties including the
area, perimeter, moment of inertia values (I, I,, and I,,), aspect
ratio, relative position within the tool, and curvature characteristics.
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Fig. 9. Workflow of the slicing and machine learning-based algorithm for free-free dynamic modelling of cutting tools, where the tool geometry and

materials are predicted and used for analytical dynamic analysis.
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e Component Labelling: each geometric feature in the slices is
manually labelled with a specific component type: body, holder,
channel (cooling channels), or insert. Together with these labels,
the geometric features—such as area, moments of inertia, perim-
eter, aspect ratio, and position—are assigned to the corresponding
component.

The detailed mathematical formulations for the STL slicing and
geometric feature extraction are provided in Appendix B.

2.4.2. Exploratory data analysis (EDA)
Exploratory data analysis is performed on the labelled dataset,
including.

e Null Analysis: identifying and addressing missing values to ensure
data completeness.

e Class Distribution Analysis: examining the distribution of component
classes to ensure balanced representation.

e Correlation Analysis: understanding the underlying patterns and
relationships between features.

2.4.3. Data preprocessing

Exploratory data analysis is performed on the labelled dataset to
understand patterns and relationships. This step involves the following
tasks.

e Data Balancing: ensuring equal representation of all labels/classes.
This step addresses any imbalances identified during EDA.

Null Imputation: handling missing values using appropriate impu-
tation strategies based on the feature characteristics.
Normalisation: standardising the data to equalise the contribution of
features with different scales. For example, z-score normalisation can
transform features to have zero mean and unit variance.

Feature Selection: identifying the most relevant features for the
model. For example, chi-square statistical analysis with significance
level thresholds (a < 0.05) can help select discriminative features.
Feature Engineering: computing the resultant geometrical, me-
chanical, and physical properties of each slice. This process begins
with material assignment, where appropriate materials are desig-
nated to each identified component. Mechanical and physical prop-
erties such as density, Poisson’s ratio, solid damping factor, shear
correction factor, and Young’s modulus are assigned. Following this,
the mixing law is applied to integrate these properties, resulting in
the final geometrical, mechanical, and physical attributes for each
slice.

The mathematical details of feature selection and feature engineer-
ing are provided in Appendix C.

2.4.4. Model training
A machine learning model is trained using the prepared dataset to
predict the slices properties. This step involves the following tasks.

e Algorithm selection: evaluating several classification algorithms to
determine optimal performance. Examples include Support Vector
Machines (SVMs), Random Forests, Neural Networks, or ensemble
methods.

e Hyperparameter optimisation: identifying optimal values for
model parameters. Grid search with cross-validation techniques can
efficiently explore the parameter space.

e Training protocol: implementing robust validation methods to
ensure model reliability. Cross-validation with minimum 5-fold
implementation and accuracy thresholds exceeding 95 % helps
confirm model effectiveness.
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2.4.5. Model evaluation and tuning
The model is validated using appropriate metrics and fine-tuned
hyperparameters to optimise performance.

e Performance metrics: calculating multiple metrics to assess model
quality. Accuracy, precision, recall, and F1-score for each component
class help identify strengths and weaknesses, with particular atten-
tion to minimising false positives.

Confusion matrix Analysis: analysing misclassifications to identify
patterns. This analysis reveals opportunities for targeted
improvements.

Iterative refinement: refining the model through successive itera-
tions, adjusting hyperparameters, feature engineering techniques,
and preprocessing steps until satisfactory performance is achieved.

The iteration process continues until classification accuracy exceeds
95 % across all component types, with special emphasis on correctly
identifying material transitions.

2.4.6. Tool dynamics prediction
Once the model is trained, evaluated, and tuned, it can be used to
make predictions on new data.

o STL processing: processing a new cutting tool in STL format using
the slicing algorithm to obtain geometric features of each slice.
Component classification: using the trained machine learning
model to predict the component type for each contour in every slice,
assigning appropriate material properties.

Material property integration: computing effective mechanical
and physical properties for each slice using the mixing law, ac-
counting for the spatial distribution of different materials.
Timoshenko beam modelling: considering each slice as a uniform
free-free beam, and obtaining the receptance matrices using the
analytical Timoshenko beam equations [4], with appropriate shear
correction factors derived from Hutchinson’s formulations [29].

e Computational optimisation: transforming consecutive slices with
equal geometry as a single highest slice for saving computational
time without sacrificing accuracy.

RCSA Implementation: using the RCSA equations for coupling free-
free beams to couple the slices and determine the dynamics of the
entire cutting tool, incorporating the diameter-dependent and
length-dependent stiffness matrix for holder-tool interactions.

2.4.7. Comparison with other machine learning approaches

The proposed Slicing-ML-TBT-RCSA algorithm automates free-free
dynamics prediction for complex cutting tools. It autonomously pro-
cesses multi-material tools with intricate geometries directly from STL
files, eliminating the need for manual geometric interpretation or
specialist expertise. This automation significantly reduces the time
required for dynamic analysis whilst maintaining prediction accuracy
across diverse cutting tool configurations. The advantages of this algo-
rithm include.

1. Automated workflow: direct processing of STL files eliminates all
manual intervention, from initial geometry processing to final dy-
namic prediction. The system automatically identifies and classifies
components (e.g., inserts, cooling channels, material transitions),
ensuring consistent analysis.

2. Advanced geometric processing: handles complex modern tool
geometries including variable cross-sections, multiple inserts, and
internal features through ML-based component recognition. This
enables accurate modelling of intricate multi-material tools without
geometric simplification or manual pre-processing.

3. Computational efficiency: integrates Timoshenko beam theory
with ML-driven material property prediction to deliver rapid free-
free dynamics characterisation. The algorithm processes complex
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tools in seconds by combining analytical solutions with automated
slice coupling, eliminating the computational overhead of traditional
finite element analysis whilst maintaining prediction accuracy.

4. Lower computational demands: the supervised learning approach
requires less computational resources for training compared to deep
learning techniques.

5. Effective with small datasets: the approach functions effectively
with smaller, specialised datasets, which is particularly valuable
when experimental data collection is resource-intensive.

Our algorithm fundamentally differs from conventional machine
learning approaches by implementing a geometry-first methodology
that enables direct processing of 3D tool representations. This creates a
more robust pathway from design to dynamic analysis than approaches
that rely on derived features or simplified parameters.

The most closely aligned work is that of Park et al. [30], who
introduced an ML-based RCSA technique that trains convolutional
neural networks to predict tool tip FRFs and stability lobes. Whilst both
approaches aim to automate FRF modelling for arbitrary tool configu-
rations, the method of Park et al. relies on derived features or simula-
tions, whereas our Slicing-ML-TBT-RCSA algorithm directly leverages
the full 3D geometry of the tool. This represents a significant advance-
ment in feature extraction methodology.

When compared to other physics-informed approaches such as that
described by Lechner et al. [31] for freeform bending, our algorithm
applies beam theory after component identification rather than
embedding it directly into the neural network architecture. This allows
for more explicit modelling of the physical behaviour and enables
greater flexibility in handling complex geometries.

The unique integration of geometric processing, machine learning
classification, and physics-based dynamic modelling positions the
Slicing-ML-TBT-RCSA algorithm as particularly valuable for applica-
tions where 3D geometry must be understood in terms of its structural
and dynamic properties. By automating the entire workflow from STL
processing to dynamic prediction, our approach eliminates manual
intervention whilst maintaining computational efficiency and accuracy
across diverse cutting tool configurations.

3. Methodology validation

The methodology was validated using two distinct approaches: i)
comparing results against established methods in the literature, and ii)
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assessing its predictive capabilities across a diverse range of cutting
tools.

3.1. Materials and experiments

To compare the proposed methodology with existing approaches,
experimental validation through tap-testing was conducted using three
setups (Fig. 10), following the workflow outlined in Fig. 2. The first
setup (Fig. 10a), used to obtain the spindle-holder receptance matrix
[Gss] and compare the methods listed in Table 1, consisted of a cylin-
drical holder (H1) with a 42 mm outer diameter, 12 mm inner diameter,
and length 60 mm (without the flange). A measuring spacing s of 25 mm
was selected, corresponding to an %Error M(Piqia),_; of 1.7 % in the
s-selection map of Fig. 8b and %Error M(P1q1a),_; of 1.8 % in the s-se-
lection map of Fig. 8d. This distance was selected for a fair comparison of
the methodologies.

The second setup (Fig. 10b) was to obtain the contact stiffness matrix
[Kur] for the holder-tool joint. This configuration employed a solid
carbide bar (T1) with diameter of 12 mm and a length of 100 mm. In this
case, the inner diameter matched that of the bar, allowing the continued
use of holder H1 from the previous setup. A measuring spacing s of 25
mm was selected, corresponding to an %Error M(Piq14),_; 0f 1.1 % in the
s-selection map of Fig. 8b and %Error M(P1q1q),_; of 0.8 % in the s-se-
lection map of Fig. 8d. Subsequently, the contact stiffness matrix be-
tween the holder and the tool was obtained using IRCSA with Eq. (5).

The third setup (Fig. 10c) was implemented to predict tool tip dy-
namics of a new tool (T2) and holder (H2) configuration used in a real
industrial application. The carbide tungsten cutting tool had four teeth,
a diameter of 10 mm in the cutting zone, and a conical shank varying
from 10 to 12 mm with 1° of inclination. The thermal tapered HSK-63A
shrink holder had an inner diameter of 12 mm and an outer diameter
varying from 24 to 32 mm along a length of 90 mm in the tapered zone.

To validate the predictive capabilities across a wide range of cutting
tools, multiple holder-tool configurations were tested. Fig. 11a—d illus-
trates the same solid carbide tungsten tool (T3) mounted in four holder
types: high-power (H3, 79 mm length), hydraulic (H4, 73 mm length),
collet (H5, 67 mm length), and shrink-fit (H6, 54 mm length). Fig. 11e
presents a shell-end milling cutter with five indexable - carbide inserts
(T4). Fig. 11f features a monoblock tool (T5) with 36 brazed PCD inserts
arranged in nine levels.

A systematic study of the contact stiffness matrix was conducted
using solid carbide bars of varying diameters (20, 18, 16, 12, and 10

(b)

Fig. 10. Experimental setups used to compare the proposed and existing methodologies. (a) Machine-spindle-flange and Holder 1 (H1) setup for characterising
the machine-holder interface, (b) Holder 1 (H1) and Tool 1 (T1) setup for measuring contact stiffness at the holder-tool interface, (c) Holder 2 (H2) and Tool 2 (T2)

setup used for validating the prediction.
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stiffness parameters enabling quantitative comparison of holder inter-

face characteristics.
Finally, to validate the chatter-free machining predictions, down-

milling tests were conducted on an A356 aluminium block

mm) installed in the four studied holder-tool configurations. Each
holder-tool configuration was tested under identical conditions to
enable direct comparison of their dynamic characteristics (Fig. 10b).
The tool tip receptance data was then used to determine the contact
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(ks = 1000 MPa [32]) in a GF P800 U machining centre. The modal
parameters of the main vibration modes -both predicted and obtained by
tap-testing- were used to construct stability lobe diagrams (SLDs).
Different radial depths of cut and axial depths of cut were tested,
maintaining a constant feed rate per tooth of 0.1 mm. The machining
setup is illustrated in Fig. 11g and, Fig. 11h shows the cutting directions.
The chatter occurrence was detected using external (accelerometer and
microphone) and internal (signals of the machine) sensors [33].

Tap-testing signals were acquired using DeltaTron type 4525-B
triaxial accelerometers and an impact hammer type 8206, both manu-
factured by Briiel & Kjaer. Due to spatial constraints for accelerometers,
alternative measurement methods were employed. Specifically, carbide
tungsten tools were assessed using a Keyence LK-G10 laser displacement
sensor. This approach also served as dual purpose. It facilitated the
validation of the effect of different sensors on predictive lability, thus
ensuring comprehensive and robust results. For each test, five tap tests
repetitions were performed, and coherence plots were generated to
validate signal quality [34].

3.2. Determination of machine-spindle receptance matrix

The proposed methodology was subjected to a comparative analysis
along with the methodologies presented in Table 1 to determine the
machine-spindle receptance. In particular, the discrepancies in the
methodologies employed for calculating the Pss component are note-
worthy. While first-order finite difference approximations theoretically
have larger truncation errors than second-order methods, our experi-
mental validation reveals that practical accuracy depends more strongly
on measurement reliability than theoretical error order.

As illustrated in Fig. 12, the Pss receptance exhibits a notable degree
of signal distortion within the frequency range of 1500-2000 Hz when
employing the Schmitz et al. [14] equations. The emergence of addi-
tional modes can be associated with the denominator Hss approaching
zero.

In comparison to the proposed methodology, the Albertelli et al. [15]
equations demonstrate a discrepancy in magnitude. The curve obtained
with the proposed methodology serves as a reference, as it is also well
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Fig. 12. Machine-spindle-flange (MSF) dynamic response, expressed as
receptances (Gss), obtained from the experimental setup in Fig. 10a. Re-
sults are compared against existing methods from Albertelli et al., Schmitz
et al., and the proposed methodology, highlighting signal distortion and an
extra mode in the comparison. The receptance components shown are: Hss
(displacement-to-force, m/N), Lss (displacement-to-moment, m/(N-m)), Nss
(rotation-to-force, rad/N), and Pss (rotation-to-moment, rad/(N-m)), all plotted
on a logarithmic scale.
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aligned with the equations of Schmitz in the range of 500-1300 Hz,
where signal distortion does not occur. The discrepancies observed can
be attributed to the experimental uncertainty generated by the acqui-
sition of nine FRFs, which is a consequence of the presence of random
and systematic errors in the tap-testing methodology [18]. This obser-
vation aligns with the theoretical error analysis presented in Section 2.2,
which mathematically demonstrates how measurement uncertainties
propagate more severely in higher-order finite difference methods. For
instance, uncertainty may arise due to misalignment between the pre-
dicted and actual force direction during impact. For instance, uncer-
tainty may arise due to misalignment between the predicted and actual
force direction during impact.

These experimental findings demonstrate that while higher-order
approximations may offer theoretical advantages, practical accuracy is
more strongly influenced by measurement methodology reliability than
mathematical order of approximation.

3.3. Holder-tool contact stiffness matrix

Having demonstrated the advantages of the proposed equations, the
contact stiffness matrix between the holder and the tool was determined.
The dynamic properties of the interface obtained using the proposed
method are shown in Table 2. The order of magnitude is consistent with
the stiffness and damping properties of tungsten carbide cutting tools
mounted in thermally tapered HSK-63A shrink holders of the di-
mensions used, as presented in previous works [4,35].

Upon comparison, no significant differences were observed between
the results obtained from the proposed method and those from Albertelli
et al. and Schmitz et al. All methodologies provide similar estimations of
the dynamic properties of the holder-tool interface, with no notable
advantage or relevant discrepancies in the predicted stiffness or damp-
ing parameters. This consistency suggests that the proposed equations
are equally effective in characterising the interface dynamics while
maintaining alignment with established methods.

The experimental study of joint stiffness parameters across various
holder-tool configurations revealed distinct characteristics in their me-
chanical behaviour. Fig. 13 illustrates the relationship between tool
diameter and stiffness parameters for four different holder types. The
linear displacement-to-force stiffness (K,s) shown in Fig. 13a demon-
strates an exponential trend, with values ranging from 107 to 10% N/m,
where shrink-fit holders consistently exhibit superior stiffness across all
diameters. Fig. 13b presents the linear displacement-to-moment stiffness
(Kxm), which shows more moderate variation with diameter, maintain-
ing values in the order of 10° (N -m)/m.

The rotation-to-force stiffness (Ky) depicted in Fig. 13c reveals that
shrink-fit holders maintain notably higher values than other holder
types, particularly at larger diameters. Finally, Fig. 13d shows the
rotation-to-moment stiffness (Kyn), where all holder types exhibit
similar exponential behaviour with increasing diameter, though the
shrink-fit holder maintains a slight advantage.

Across all four stiffness parameters, the data demonstrates that the
influence of diameter reduction is most pronounced in the smaller
diameter range (10-12 mm), where the differences between holder
types become more significant. The resultant hierarchy of holder stiff-
ness, in descending order, emerged as: shrink-fit, high-power, hydraulic,
and collet holders. This behaviour is particularly evident in the rotation-
to-force Ky parameter, where stiffness values can differ by an order of
magnitude between holder types at smaller diameters. These findings
provide crucial insights for the selection of holder configurations.

While stiffness parameters show clear trends as demonstrated in
Fig. 13, a similar analysis was conducted for damping parameters across
the various holder-tool configurations. However, damping parameters
exhibited substantially more complex behaviour with non-monotonic
relationships that varied significantly between holder types. The
damping data showed higher measurement-to-measurement variability
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Table 2
Properties of the shrink-fit holder-tool contact dynamics interface.
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Holder-tool interface

Methodology kys Cxf Kxm Cxm kof Cof kom Com
(N /m) (N-s/m) (N-m /m) (Ns) (N /rad) (N -s /rad) (N-m /rad) (N-m s /rad)
Proposed 1.97 x 107 53.86 5.7 x 106 99.84 6.86 x 10° 27.78 7.73 x 10* 0.99
Albertelli 2.23 x 107 52.52 6.93 x 10° 62.47 4.35 x 10° 18.75 6.49 x 10* 1.01
Schmitz 2.60 x 107 59.24 4.62 x 10° 103.52 4.33 x 10° 19.54 5.98 x 10* 1.12
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Fig. 13. Effect of diameter on stiffnesses of the holder-tool contact interface. (a) displacement-to-force stiffness, (b) displacement-to-moment stiffness, (c)

rotation-to-force stiffness, and (d) rotation-to-moment stiffness.

compared to stiffness parameters and revealed interactions between
multiple competing physical mechanisms including micro-slip phe-
nomena, contact pressure distribution variations, and material property
interactions at the interface boundaries. This complexity in damping
behaviour aligns with observations in previous studies on joint in-
terfaces, where researchers typically focus on stiffness parameters due to
their more consistent and predictable nature [11]. The contact interface
damping mechanisms involve multiple overlapping physical processes
that cannot be simplified into the clear diameter-dependent relation-
ships observed with stiffness. For practical engineering applications, the
stiffness parameters presented in Fig. 13 provide more robust and
actionable guidance for selecting appropriate holder configurations in
industrial settings.

In addition to diameter effects, tool insertion length is another
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critical parameter affecting contact stiffness. Our testing methodology
standardised the insertion length at 40 mm across all holder-tool con-
figurations, as this represents a widely recommended insertion length in
industrial applications. However, research by Liao et al. [10] has
demonstrated that contact stiffness increases significantly with insertion
length. Their findings show that increasing tool insertion length from 26
to 41 mm results in approximately 55 % higher static stiffness and 59 %
greater contact force. This suggests that when changing the length of the
tool clamped in holder, recalibration of the contact stiffness matrix be-
comes necessary to maintain prediction accuracy. The effect is particu-
larly important in industrial applications where various tool projection
lengths may be required for different machining operations while using
the same holder type.
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Fig. 14. Slicing-Machine Learning (ML)-Timoshenko Beam Theory (TBT)-Receptance Coupling Substructure Analysis (RCSA) algorithm used to model the
cutting tool from Fig. 10c. (a) Slices with the predicted components, (b) comparison of first vibration mode obtained with a FEM model and the proposed algorithm,

and (c) confusion matrix of the trained machine learning model.

3.4. Free-free dynamic modelling using a slicing-ML-TBT-RCSA algorithm

The tungsten carbide tool (T2) and steel holder (H2), previously
modelled in 3D, were converted into STL format to obtain cross-sections
using the slicing algorithm. Fig. 14a displays the slices, which were
spaced at 1 mm intervals, and highlights three representative slices
where the components and their materials are identified and labelled.
The properties of the steel (E = 200 GPa, p = 7800 kg/m>, v = 0.3, and ;
= 0.0015) and tungsten carbide (E = 585 GPa, p = 14500 kg/m>, v =
0.21, and = 0.0015) were sourced from previously published research
[14]. A geometry-based shear correction factor algorithm was inte-
grated into the model to improve the accuracy of shear deformation
analysis using the equations proposed in Ref. [29]. These equations
account for the variation of shear stress across different cross-sectional
geometries, enhancing the accuracy of the shear deformation model-
ling. The mixing law was applied to each slice, considering the pro-
portion of the area occupied by each component to determine the
resulting properties of the slice. Subsequently, the Timoshenko free-free
beam equations derived in Ref. [4] were utilised to obtain the recep-
tance matrix for each slice. Using the RCSA equations [36], these indi-
vidual slices were then joined to form the full free-free receptance of the
cutting tool. The effect of the tool diameter on the contact stiffness
matrix of the holder-tool contact interface, as obtained from the analysis
in the previous subsection, was incorporated into the receptance
coupling process.

The machine learning model for predicting materials based on
geometrical features was evaluated for accuracy and reliability using
twenty tools in STL format, with varying geometries of carbide bodies
tools and steel holders. These holder-tools were sliced, and each
component was labelled as body (WC), cooling channel (holes), or
holder (steel), creating a balanced dataset with 250 samples per
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component. Eight geometric features were selected via chi-square
analysis: area, x-moment of inertia, y-moment of inertia, xy-moment
of inertia, perimeter, mean curvature, aspect ratio, and slice height,
and normalised using z-scores. Five machine learning models were
tested and optimised, with the support vector machine (SVM) using a
Gaussian kernel function, achieving the highest accuracy at 97.6 %. The
confusion matrix (Fig. 14c) showed high true positive rates (TPR), with
accuracy rates of 97.6 % for holes, 97.2 % for steel, and 98 % for WC.
Positive predictive values (PPV) were 98 % for holes, 98.8 % for steel,
and 97.3 % for WC, while false discovery rates (FDR) were low at 2 %,
1.2 %, and 2.7 %, respectively. These metrics highlight the accuracy and
reliability of the model, crucial for accurately identifying materials and
geometrical properties in free-free tool dynamics using Timoshenko
beam equations.

The free-free dynamic response of the tool obtained with the slicing-
ML-TBT-RCSA algorithm was compared with a simulation of multibody
dynamics in COMSOL. The joints between the tool and holder were
modelled as prismatic joints with the properties listed in Table 2. A
physically controlled sequence with fine-sized elements was used for
meshing. This analysis was restricted to the frequency range of
7100-7200 Hz, with increments of 1 Hz, to manage simulation time
effectively. The first vibration mode obtained with the FEM model and
the proposed algorithm are illustrated in Fig. 14b. It is noteworthy that
both the analytical model and the FEM model accurately predicted the
first mode of vibration. However, our model required only ~14 s to
compute all the receptances at 1 Hz resolution, whereas the FEM anal-
ysis took ~380 s for the specified frequency range.

Fig. 15 presents the efficacy of machine learning for automated
classification of cutting tool components and its impact on dynamic
response prediction accuracy. This study evaluated how different ma-
terial configurations and identification of internal holes (e.g., cooling
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Fig. 15. Machine learning-based classification of cutting tool components and analysis of material influence on dynamic response accuracy. (a) 3D sliced
representation of a stepped helical monoblock tool with cross-sections showing material distribution of steel, Polycrystalline Diamond (PCD) inserts, and holes. (b)
Confusion matrix showing classification accuracy for body, hole, and insert, (c) Material contribution to predicted dynamic response accuracy at 150 slices, (d)
Resolution analysis showing relationship between slice count and prediction error with computational time overlay.

channels) affect frequency response function predictions for the S-T5
stepped helical monoblock tool with brazed PCD inserts. The investi-
gation utilised the proposed sliced 3D tool model with supervised
learning to classify components (body, holes, inserts) and assign
appropriate material properties. Tests were conducted across multiple
configurations with varying PCD material properties according to grain
size (0.85 pm, 10 pm, and 25 pm) to determine factors influencing dy-
namic response accuracy. All prediction errors were compared against
tool tip dynamics obtained by tap-testing after the tool was clamped to
the machine using the proposed method (Fig. 12).

The machine learning model for predicting materials based on
geometrical features was evaluated for accuracy and reliability using ten
tools in STL format with varying geometries. These tools were sliced,
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and each component was labelled as body, hole, or insert, creating a
balanced dataset with 300 samples per component. Eight geometric
features were selected via chi-square analysis: area, x-moment of inertia,
y-moment of inertia, xy-moment of inertia, perimeter, mean curvature,
aspect ratio, and slice height, and normalised using z-scores. Five ma-
chine learning models were tested and optimised, with the support
vector machine (SVM) using a Gaussian kernel function achieving the
highest accuracy. The confusion matrix (Fig. 15b) showed exceptionally
high true positive rates (TPR), with accuracy rates of 99.4 % for body,
98.8 % for hole, and 98.3 % for insert components. The corresponding
false negative rates (FNR) were remarkably low at 0.6 %, 1.2 %, and 1.7
%, respectively.

In panel (C), the configurations Al, A2, and A3 show error rates of
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6.3 %, 6.8 %, and 7.0 % corresponding to PCD materials with different
grain sizes. These variations demonstrate model sensitivity to material
properties, yet their limited impact must be contextualised. PCD inserts,
though critical for cutting performance, constitute a relatively small
portion of the total tool volume, thus their influence on dynamic
behaviour remains constrained. This explains why substantial variations
in PCD properties with Young’s modulus from 827 GPa to 1100 GPa
produced only marginal changes in prediction error. Configuration B
shows superior performance (3.9 % error) with conventional materials
and internal geometries without PCD components. Conversely, config-
urations C and D exhibit higher errors (11.3 % and 11.7 %), highlighting
the importance of accurate material and void identification for reliable
predictions.

Panel (d) reveals a critical relationship between geometric resolution
and prediction accuracy. Error percentages decrease dramatically as the
number of slices increases from 0 to approximately 50 (requiring about
8 s of computation), demonstrating the fundamental importance of
geometric fidelity for the complex stepped helical structure. Beyond 150
slices (approximately 25 s of computational time), the error reduction
diminishes substantially for all configurations while computational time
continues to increase linearly, reaching about 40 s at 300 slices. This
indicates an optimal operational range of 150-200 slices that balances
accurate geometric representation with computational efficiency. The
zoomed-in view confirms that natural frequency error stabilises below 1
% once sufficient geometric resolution is achieved, regardless of mate-
rial configuration variations.

The accurate geometric modelling achieved by the algorithm ex-
plains why the prediction errors remain within acceptable ranges
despite material variations. The consistent identification of steel as the
major component (with 99.4 % accuracy) contributes significantly to
model stability, as steel constitutes the largest fraction of the monoblock
tool body. This dominant material consistency, combined with accurate
void detection, explains why the reported errors remain well within the
amplitude measurement variability of 10.23 % relative to the mean.
Most notably, the accurate modelling of structural geometry and pri-
mary material enables natural frequency prediction errors to remain
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consistently below 0.88 %, confirming excellent accuracy regardless of
secondary material configurations.

These findings establish that while secondary material property
assignment contributes to prediction quality, the capability to identify
internal holes and consistently classify the primary steel structure rep-
resents the most valuable advancement for practical cutting tool dy-
namic analysis. The relationship between slice resolution and prediction
accuracy confirms that geometric fidelity is the dominant factor in
achieving reliable dynamic predictions, enabling accurate characteri-
sation without requiring destructive testing or specialised imaging
techniques.

3.5. Predictive capability assessment of tool tip dynamics

The machine-spindle-flange receptance matrix [Gss] and the free-free
dynamics of the holder-tool determined in the previous subsections were
coupled using RCSA to predict the tool tip dynamics. The critical vi-
bration modes obtained by tap-testing and predicted by the proposed
methodology and previous studies is shown in Fig. 16. The tool free-free
FRFs were obtained consistently across all three methods using our
slicing-ML-TBT-RCSA algorithm to ensure fair comparison. The pro-
posed methodology achieved significantly lower natural frequency er-
rors of 0.40 % for the first mode and 0.08 % for the second mode,
compared to Albertelli et al. (4.73 % and 1.11 %) and Schmitz et al.
(4.73 % and 1.51 %). Additionally, the Schmitz et al. method generated
an extra non-physical mode at 1529 Hz, which was not observed
experimentally by tap-testing. Amplitude errors from the proposed
methodology were limited to 0.40 % and 2.40 % for the first and second
modes, respectively, while Albertelli et al. exhibited substantially larger
errors of 28.14 % and 21.09 %, and Schmitz et al. showed errors of 5.39
% and 43.03 %. These findings confirm the enhanced accuracy of the
proposed methodology in predicting tool tip dynamics, avoiding extra
modes and significantly improving predictive accuracy.

Figs. 17 and 18 show the FRFs of the holder-tool configurations
depicted in Fig. 11, comparing tap-testing measurements with pre-
dictions from the proposed methodology. Across all evaluated

1 1 1 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1
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Fig. 16. Comparison of tool tip dynamic response predicted by different Receptance Coupling Substructure Analysis (RCSA) methodologies and validated
through experimental tap-testing. The Frequency Response Functions (FRFs) for the Holder 2-Tool 2 (H2-T2) configuration are compared across the proposed
approach, methods by Albertelli et al. and Schmitz et al., and tap-testing.
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configurations, the methodology demonstrates robust predictive per-
formance. In the critical modes, frequency predictions achieve an
average accuracy of 2.2 % (spanning 0.2 %-4.7 %), and amplitude
predictions maintain an average accuracy of 4.1 % (ranging 2.2 %-7.9
%).

3.6. Chatter-free machining validation

The stability lobe diagrams (SLDs) were generated to evaluate and
compare different methods for predicting tool tip dynamics in
machining operations. The experimental results, obtained by tap-
testing, served as a benchmark for assessing three prediction methods:
Albertelli et al., Schmitz et al., and our proposed methodology (Fig. 19).
The comparison revealed that our proposed method achieved closer
alignment with the tap-testing results, particularly at higher spindle
speeds (above 13000 rpm), where the critical depth of cut reached its
maximum value of approximately 3 mm at 14900 rpm.

The validation of these methods was further substantiated through
practical machining tests, represented by green circles (stable) and red
crosses (unstable) in the diagram. The tabulated results in Fig. 19¢
provide additional evidence of the reliability of our methodology,
demonstrating the relationship between radial depth of cut (a.) and
surface quality for various axial depths of cut (ap). These observations
were further confirmed by frequency spectra obtained from acceler-
ometer measurements mounted on the machining head, comparing axial
depths of cut of 3 mm (stable) and 4 mm (unstable). Prominent chatter
frequencies were distinctly present only under the unstable machining
condition. Nonetheless, at spindle speeds close to resonance, such as
14,900 rpm, chatter frequencies began to emerge at lower amplitudes
even under stable conditions (3 mm), although these were insufficient to
produce visible chatter marks on the machined surfaces.

The SLDs in Fig. 20 demonstrate robust agreement between pre-
dicted and experimental results across all the four holder-tool
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configurations. Additionally, the machining trials, denoted by green
circles for stable conditions and red crosses for unstable conditions,
provide compelling evidence of the reliability of the method over a wide
range of machining conditions (3000-19,000 rpm). Notably, the theo-
retical model successfully predicts the characteristic peaks at 8000 and
16000 rpm in configuration S-H3-T3, the intermediate stability regions
at 4-5 mm depth in S-H4-T3, the transitions from stable to unstable
conditions, and the complex multi-lobe patterns in S-H6-T3.

Comparative analysis of the holder configurations reveals that the S-
H3-T3 setup (Fig. 20a) demonstrates superior characteristics for max-
imising material removal rates, exhibiting stable cutting depths of up to
6 mm at the best spindle speed of 9400 rpm. This superior performance
can be attributed to the robustness of the shrink-fit holder (shorter
overhang of 54 mm compared to 79, 73, and 67 mm of the other holders)
and the higher contact dynamics stiffness values, as determined in the
contact stiffness matrix analysis (Fig. 13). In contrast, the S-H4-T3 and S-
H5-T3 configurations display progressively reduced stability limits, with
maximum stable cutting depths of 4-5 mm and 4 mm, respectively,
whilst the S-H6-T3 holder exhibits the most conservative stable cutting
depths of 2-3 mm.

The notably close correlation between predicted and experimental
stability boundaries warrants further discussion. Several factors might
explain this agreement. Firstly, the tested configurations appear to have
dominant compliance in the holder-tool assembly rather than the spin-
dle, as evidenced by the modal parameters in Table 3. This suggests that
spindle-borne variations due to rotation, thermal expansion, and
changes in bearing preload have a minimal influence on the critical
modes governing stability. Secondly, the testing was conducted within
the operational speed range of 3000-19,000 rpm, which falls within the
stable working range of the GF P800 U machine tool. The GF P800 U
features a robust bearing system that maintains consistent dynamic
characteristics throughout these testing conditions, contributing to the
stability of the measurements. Additionally, the careful characterisation
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Fig. 19. Stability analysis and experimental validation of milling tests on A356 aluminium. (a) Stability lobe diagram (SLD) for a radial depth of cut (a¢) of 2.5
mm. Predictions from the proposed and existing methodologies are compared against tap-testing. Right: Time-domain acceleration signals and frequency spectra at
14,900 rpm showing stable (3 mm) to unstable (4 mm) transition, (b) Axial depth of cut (a) versus radial depth of cut (a.) at a constant spindle speed of 14,900 rpm,
(c) Surface quality assessment and chatter detection for various cutting conditions. The table summarises the cutting parameters, tangential specific cutting force

(Ki), and radial specific cutting force (K.) used to generate the SLDs.

of contact stiffness matrices across different holder types, as presented in
Fig. 13, further enhanced prediction accuracy by capturing the most
significant interface dynamics affecting the overall system behaviour.

Qp lim power = (Plim . 6OXI06) / (ks ‘Ao n 'fz : Z) (64)

The shell-end mill (S-T4) and monoblock tool (S-T5), both featuring
larger diameters of 48 mm and 40 mm respectively, introduce different
limiting factors. For the S-T4 (Fig. 20e), the substantially larger diameter
results in higher power consumption during cutting operations, making
machine power limitations more critical than chatter stability. The
power limit (blue curve) was approximated using Eq. (64) based on the
established cutting conditions. Additionally, the maximum height of the
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insert constrains the operational envelope at higher removal rates.
Similarly, for the S-T5 (Fig. 20f), testing was confined to the second lobe
region due to the power constraints associated with its larger diameter,
yet still demonstrates excellent correlation between predicted and
measured stability boundaries within this operational window.

4. Conclusions and future lines

Despite advances, a comprehensive, cost-effective, and accurate
Receptance Coupling Substructure Analysis (RCSA) framework suitable
for a production environment has not yet been developed. This paper,
therefore, presents a novel computational approach using RCSA that
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Fig. 20. Comparison of Stability Lobe Diagrams (SLDs) obtained using the proposed methodology and experimental tap-testing for different holder
configurations. (a) Spindle with Holder 3 and Tool 3 (S-H3-T3), (b) Spindle with Holder 4 and Tool 3 (S-H4-T3), (c) Spindle with Holder 5 and Tool 3 (S-H5-T3), (d)
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Table 3

Modal parameters obtained from predicted Frequency Response Functions

(FRFs) of each holder-tool configuration presented in Figs. 17 and 18.

Mode 1 2 3 4 5 6
S-H3-T3
, (rad/s) 286 555 812 980 1262 1951
¢ (%) 24.3 13.3 11.4 5.6 5.0 5.0
k (N/pm) 13.1 16.3 15.5 14.1 47.9 29.5
Py 0.7 0 0 0.67 0.76 0.59
Py 0.72 1 1 0.74 0.65 0.81
A (pm/N) 0.16 0.23 0.28 0.63 0.21 0.34
Relative 2.95 —0.18 0.00 2.23 0.71 0.56
error
on (%)
Relative 0.34 14.69 —2.25 3.45 0.93 —36.04
error
A (%)
S-H4-T3
®, (rad/s) 524.79 762.2 1028.59  1307.84 1704.66 1914
¢ (%) 9.05 3.77 5.31 9.78 4.06 2.5
k (N/pm) 2.42 4.74 1.08 2.27 5.03 4.61
Dy 0 1 0.65 0.71 0.53 0
Py 1 0 0.76 0.71 0.78 1
A (pm/N) 2.28 2.80 8.72 2.25 2.45 4.34
Relative 4.55 0.00 4.68 0.69 1.92 1.68
error
n (%)
Relative 6.07 0.17 —2.89 18.29 18.40 11.60
error
A (%)
S-H5-T3
®, (rad/s) 290 1046 1307 1629 1712 1941
¢ (%) 12.9 4.9 10.6 3.5 1.8 1.3
k (N/pm) 3.7 1.2 1.4 8.0 11.7 12.1
Dy 0.63 0.61 0.65 0.59 0 0.64
py 0.78 0.8 0.76 0.81 1 0.77
A (pm/N) 1.06 8.21 3.31 1.79 2.44 3.20
Relative 1.19 2.26 —0.20 —1.06 1.44 —0.51
error
n (%)
Relative 17.51 2.24 5.44 22.32 19.36 5.29
error
A (%)
S-H6-T3
, (rad/s) 592 824 1117 1352 1431 1770
¢ (%) 17 13.6 7.9 1.2 4.7 1.7
k (N/pm) 17.9 24.3 20.3 228 39.5 120
Dy 0.63 0.62 0.63 0.66 0.63 0.58
py 0.77 0.79 0.77 0.75 0.78 0.81
A (pm/N) 0.16 0.15 0.31 0.18 0.27 0.25
Relative —3.68 -1.73 2.95 -2.19 0.63 2.80
error
n (%)
Relative 1.59 —16.50 —2.66 6.69 —10.05 —98.68
error
A (%)
S-T4
, (rad/s) 527 697 1132 1155 1504 1774
¢ (%) 15.9 10.6 5.3 5.7 5.2 2.2
k (N/pm) 296 334 136 144 155 1050
Py 0.7 0 0.9 0 1 0
py 0.7 1 0.5 1 0 1
A (pm/N) 0.01 0.01 0.07 0.06 0.06 0.02
Relative 2.76 0.84 0.17 21.96 0 —1.43
error
wn (%)
Relative 5.38 —2.48 —7.92 4.17 —2.95 19.45
error
A (%)
S-T5
, (rad/s) 280 327 648 912 827 1279
¢ (%) 17.17 13.86 9.56 7.81 4.80 2.64
k (N/pm) 22.2 29.1 22.4 17.1 40.2 278.0
Py 0.62 0.57 0.41 0 1 1
Py 0.78 0.82 0.91 1 0 0
A (pm/N) 0.13 0.12 0.23 0.37 0.26 0.07
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Table 3 (continued)

Mode 1 2 3 4 5 6

Relative —10.03 7.09 —19.24 2.67 0 0
error
@y (%)

Relative
error

A (%)

2.86 24.71 -50.23 42.84 0 0

overcomes the limitations of previous approaches, offering a more
efficient and accurate prediction of tool tip dynamics. The proposed
computational approach simplifies the estimation of the full receptance
matrix by reducing the necessary impact tests to three, using just one
accelerometer, and eliminating issues related to extra modes, signal
distortion, and additional post-processing.

In this computational approach, estimation of rotational effects is
addressed through a dual approach combining rigorous theoretical
analysis with practical implementation guidelines. Our mathematical
error analysis fundamentally challenges conventional numerical wis-
dom by demonstrating that first-order finite difference methods should
be preferred over second-order methods in specific practical scenarios.
Specifically, first-order Finite Difference Approximation (FDA) out-
performs second-order approaches when measurement standard devia-
tion exceeds 2.47 % of the mode shape norm for displacement-to-
moment (L) and rotation-to-force (N) receptances, and merely 0.47 %
for rotation-to-moment (P) receptance calculations. In practical ma-
chine tool testing, these thresholds are frequently exceeded due to
sensor placement errors, impact force variations, and environmental
factors. Given that the P receptance is particularly sensitive to mea-
surement errors due to its calculation requiring mixed spatial de-
rivatives, the advantage of first-order methods becomes especially
pronounced for this crucial component of tool tip dynamics prediction.

Building upon this theoretical foundation, we provide practical
guidelines for selecting a suitable measurement spacing (s) in the FDA
approach through analytical error analysis and s-selection maps. These
maps play a crucial role in determining the optimal s value, given the
length and diameter of the holder and tool, to accurately calculate the
full machine-spindle receptance matrix and the contact stiffness matrix.

The methodology also incorporates a time-efficient and accurate
free-free tool dynamics modelling approach. This is achieved by inte-
grating an enhanced Stereolithography (STL) slicing algorithm and
machine learning techniques with Timoshenko beam theory and RCSA.
The automated approach uniquely identifies tool components and ma-
terial transitions directly from STL files. This enables accurate prediction
of dynamic behaviour for complex cutting tools with variable cross-
sections, multiple inserts, and internal cooling channels. Unlike previ-
ous methodologies [15,16], which require additional Finite Element
Analysis (FEA) software, this approach can be entirely developed within
a unified algorithm. As a result, the proposed methodology is more
accessible and easier to implement in an industrial setting.

The proposed computational approach using RCSA offers a stream-
lined, accurate, and industrially applicable method for predicting tool
tip dynamics. It predicts the vibration mode at the same frequency, with
an error of 2.2 %, and generates predicted Stability Lobe Diagrams
(SLDs) in about 20 s. Employing this computational approach, manu-
facturers can select suitable cutting parameters and design cutting tools
to increase material removal rate and reduce cycle times, thereby
maximising return on investment (ROI).

Future research could focus on two primary directions. Firstly, future
work could validate this computational approach across a broader range
of machining scenarios, which might include integrating the workpiece
fixturing system into the framework using RCSA. Research could also
conduct a sensitivity analysis to examine the effects of variations in
machines of the same reference/manufacturer, changes in spindle per-
formance over time, machine-spindle overhang, and machining
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positioning would also be of value to industry. Secondly, while our
computational approach demonstrates significant practical advantages
in terms of efficiency and accuracy, a key limitation is that it does not
deeply explore the underlying physical mechanisms at tool-holder in-
terfaces. Future work should address this limitation by investigating
non-linear contact mechanics, micro-slip behaviour at interfaces, and
energy dissipation processes. This deeper physical understanding would
complement the practical approach developed in this study and poten-
tially lead to further improvements in prediction accuracy.
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Appendix A. Derivation of the Full Receptance Matrix Components Using Finite Difference Approximations

This appendix presents the mathematical formulations for finite difference approximations (FDA) required for rotational degree-of-freedom

synthesis and the derivation of the full receptance matrix components.

A.1 Derivation of the Full Receptance Matrix Components Using Finite Difference Approximations

A.1.1 Rotation-to-Force Receptance

The displacement is measured successively at each point of a set of points adjacent to point j with the excitation held at point i. The instantaneous
angular displacement of the structure at a location relative to its rest position is given by

daw
0=,
d
9(((), X]) :E W(LU; Xl)

From which is formed the ratio of complex amplitudes

Oi(w) d W(w;x)
Fi(o) dx Fi(o)

To obtain in terms of receptance

H()jFi = EHWE (w; xl)
1

(65)

(66)

(67)

(68)

Assuming that H is dependent only on the x; coordinate space, the continuous derivative can be approximated by the FDA. First and second order

derivatives are obtained by
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Where the subscript x; corresponds with the position of the accelerometer spaced s; apart, subscript x, with the location of the impact hammer hit, and
O(s}) represents the p-order dependent error function in the FDA. The backward FDA is employed, as we are particularly interested in calculating the

derivative at the tool tip.

A.1.2 Displacement-to-Moment Receptance

The excitation force is applied at each point of a set of points adjacent to point i with the responses measured at point j. An instantaneous moment
applied to the structure at Point i could be equivalently represented as a pair of equal and opposite parallel forces separated by a small distance, e. The

response of the structure at point j would be

W, (@) = lim,—o (W) (@)F(@: %2) e, — Wy(@)F(@%)1,, x )F(0)

d w
W(0) = g H e x M)

(71)

(72)
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From which is formed the ratio of complex amplitudes

Wiw) _ d Wj(o)

= I 73
M,(a)) dX2 F(w;XQ)Ixzixi ( )
To obtain in terms of receptance
d .
Hy,y, :EHWJ,Fi (w;x2) 74
As in rotation-to-force derivation, first and second order derivatives could be obtained using FDA
dH)q X2 Hx1 Xy H)q Xo—S2
X2 N, - O(st 75
dxs o roE) 75)
del X2 3Hx1 Xy T 4Hx1 X9 —S2 + Hxl X2 —289 + O(S%) (76)

dX2 o 232

It is of interest to note that the terms of the rotation-to-force and displacement-to-moment receptances could be assumed to be equal using the

Maxwell-Betti reciprocal work theorem (or principle of reciprocity)
dHX‘1 X2 — dH)(l X2

o ax, 77)

Hyr, =Hwm, (78)

T

A.1.3 Rotation-to-Moment Receptance
If the location coordinate x, of the force application point is made to vary about X;, the resultant derivative of translational mobility relates the
complex amplitude of translational velocity at Point j to the complex amplitude of applied moment at Point i

6 _ 0 9 Wwx)

—_—=— X e 79
Mi axl 0x2 F(CU, XQ) |x1 =Xjx2=Xi ( )

To obtain in terms of receptance

2

HojMi :mep(w;xuxz) (80)

A.1.4 Full Receptance Matrix Summary
According to the above equations, each element of the full receptance matrix can be expressed in terms of Hy;p,

)
ijpi KHWjFx
W) = ’ Fi @1
0; ) bia M;
T Hyr - Hyr
axl Wifi 0x16x2 Wikt

For practical experimental purposes, s; = s, = s. The full receptance matrix at the tool tip occurs wheni =j =1
wp Hii Lis F
= ’ 82
(91 ) |:N1.1 Pl.l:| (Ml (82)

A.2 Univariate Finite Difference Approximations

Given a small spacing value s > 0, the derivative of order m for a univariate function ¢,(x) can be approximated

m! e
= > Cigh(x+is) +O(s") (83)

i=imin

#" (x)

where p > 0 represents the order of accuracy of the approximation, and the extreme indices i;; and i are chosen subject to the constraints ipg, —
imin + 1 = m+ p. The coefficients C; are determined from Taylor series expansions to achieve the desired accuracy.

A forward-difference approximation occurs when i, > 0, a backward-difference approximation when in, <0, and a central-difference
approximation when iy < 0 < imgy With imgx = — imin

A.3 Bivariate Finite Difference Approximations

For bivariate functions, given small spacing valuess; > 0ands; > 0, the mixed partial derivative of orders m; and m, can be approximated as

27
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max  I2max

ml! mz! . . .

4)5"'1 ) (%x1,%2) = (sT' o E E Ciy iy (X1 + 1181, X2 +1252) + maxlg§2{0<5fj> } (84)
1 2 iy =iy min 1212 min

The coefficients C;, ;, are obtained as the outer product of the univariate coefficients C; = (Cul mins - C1y .max) and C, = (Cz,izvmm, ey Czjzmx). The j
index corresponds to x;.

A.4 Error Analysis Parameters
The total error in a finite difference approximation arises from two sources.

1. Truncation error, which depends on the order of the approximation and is proportional to s"
2. Propagation error, which amplifies measurement noise and is inversely proportional to s™

For the error analysis presented in Section 2.2, the optimum spacing is derived as

1
ima nm
mm!-M, > |C;
i=lmin
- ] | (85)
i nT || ¢ ||
where M, is the measurement perturbation bound, n is the order of the finite difference scheme, and T is the truncation coefficient.
A.5 Tables of Finite Difference Formulae
Table A.1
Finite difference formula for first-order derivatives (n = 1)
Method Formula Order of Accuracy (p) Z Cil T
Backward ¢ (x) — pp(x—s) O(s) 2 1/2
S
Forward hp(x+5) — pp(x) O(s) 2 1/2
s
Central dr(x+5) — Pp(x—5) o(s?) 1 1/6
2s
Table A.2
Finite difference formula for second-order derivatives (n = 2)
Method Formula Order of Accuracy (p) Z |Gy T
Backward 3, (x) — 4, (x — 5) + . (x — 25) o(s?) 4 1/3
2s
Forward —3¢,(x) + 4¢,(x +5) — ,(x + 25) 0(s?) 4 1/3
2s
Central — (X + 25) + 8¢ (x + 5) — 8. (x — ) + Pp.(x — 25) o(s*) 3/2 1/30
12s
Table A.3
Finite difference formulae for third-order derivatives (n = 3)
Method Formula Order of Accuracy (p) Z |Ci| T
Backward 11¢h,(x) — 18¢,(x — 5) + 9p,(x — 25) — 2¢p,(x — 3s) o(s®) 20/3 1/4
6s
Forward —11¢,(x) + 18, (x + 5) — I, (x + 25) + 2¢.(x + 3s) o(s®) 20/3 1/4
6s
Central ¢p(x + 3s) — 9, (x + 25) + 45¢,(x + 5) — 45¢h,(x — 5) + 9. (x — 25) — p.(x — 3s) 0(s°) 5/3 1/150
60s

28



J.D. Chaux et al. International Journal of Machine Tools and Manufacture 209 (2025) 104296

Table A.4
Bivariate finite difference formulae for first-order mixed derivatives

Method Formula Order of Accuracy (p) Z |Gy T

Backward-Backward Gr(x1,X%2) — (X1 — 8,X2) — pp(X1,X2 — 8) + (X1 — 8, X2 — 5) O(s) 4 1/2
2

Forward-Forward Gp(X1 +8,X2 +5) — pp(x1,%2 +5) — (%1 +5,X2) + b, (X1, X2) O(s) 4 1/2
2

Central-Central Gr(x1 +8,X2 4 8) — (X1 — 8, X2 +5) — (X1 +8,X2 —8) + P (X1 — 5, X2 —5) 0(s?) 1 1/12

452
Table A.5

Bivariate finite difference formula for second-order mixed derivatives

Method Formula Order of Accuracy Z ¢ T
@)
Backward-Backward (2nd- 3, (x1,X2) — 4 (X1 — 5, X2) + (31 — 25, X2) — 3 (X1, X2 — ) + 4 (X1 — 5, X2 —5) — (X1 —25,%2 —5)  O(s?) 16 1/
1st) 252
Forward-Forward (2nd-1st) =3¢, (x1,%2) + 4, (x1 +8,X2) — (31 + 25,X2) 0(s?) 16 1/
+3¢,(x1,X2 +5) — 4p(x1 + 5, X2 +5) + P (X1 + 25,X2 +5)
252

These tables provide the necessary coefficients (C;), truncation coefficients (T), and sums of absolute coefficients (> |C;|) required for imple-
menting both univariate and bivariate finite difference schemes and for calculating the optimum spacing as presented in Section 2.2.

Appendix B. STL Slicing and Geometric Feature Extraction

The STL slicing algorithm processes triangular mesh data to generate cross-sectional geometry and extract features essential for subsequent
machine learning classification. The mathematical foundations of this process are detailed below.

B.1. STL Representation and Plane Intersection
An STL file represents a 3D object as a collection of triangular facets. Each facet is defined by three vertices and a normal vector. Let a triangular

facet be represented by its vertices

Py =(x1,y1,21), P2 = (X2,Y2,22), Ps = (X3,Y3,23) (86)
For slicing, a horizontal plane at height

2 = Zslice (87)
is defined. The intersection between this plane and a facet occurs if and only if

min(z;, 22, 23) < Zgice < Max(z1,22,23) (88)

When an intersection exists, the algorithm computes the intersection points. For an edge connecting vertices P; and P; that crosses the slice plane, the
intersection point P;, is calculated via linear interpolation

Py =P+ t(P;— P)) (89)

with the interpolation parameter given by

t= Zslice — Zi (90)
Zj — %
This yields the intersection coordinates
Xine = X; + £ (X — X;), Yine =Yi + t(yj —yi> , Zint = Zslice 91)

B.2. Contour Formation

The intersection points from all facets at a given slice height form disconnected line segments. These segments are assembled into closed contours
using graph theory. Define a graph

G=(V,E) (92)

where vertices V correspond to intersection points and edges E represent the line segments. Two intersection points P, and P, are considered identical
(and merged) if
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| Pa = Poll2 <€ 93)
with e a small tolerance (typically 1078). A connectivity matrix C is built such that

C { 1, if verticesiand j are connected,
=

0, otherwise. 94)

Connected components are then identified (using, for example, depth-first search), yielding a set of closed contours {C;, C, ..., C,} for each slice.
B.3. Geometric Feature Extraction
For each closed contour Cy defined by vertices {v1,V,...,Vm} Where v; = (xl-, yl-), various geometric features are computed.

B.3.1 Area
The area of the polygon is computed using the shoelace formula

1 m
A=p| 2 i —Xayi)| 95)
with v, 1 = 11 to close the contour.
B.3.2 Centroid
The centroid (x,y.) is calculated as
1 m
Xe=cr ; (i +Xi1) (XYir1 — Xi1Yi) (96)
1 m
Ye=ea ; i + Y1) (Y1 — Xir1 Y1) 97)
B.3.4 Moments of Inertia
The second moments (moments of inertia) are computed by
1 m
L =12 Z O +Ydi +Yia) (i1 — Xeyi) (98)
i=1
1 m
L= 12 Z (xf + XiXis1 +x12+1)(x1;}'i+1 — Xi11Yi) (99)
=1
and the product moment is
1 m
Ly= 2% Z (XYis1 +2XYi 4 2Xi1Yis1 + X1 Yi) (XYie1 — Xi1Yi) (100)
=1
B.3.5 Perimeter
The perimeter is the sum of Euclidean distances between consecutive vertices
m
P=3" \/(Xi+1 —x)* + irr —y0)? (101)
=1
B.3.6 Aspect Ratio
The aspect ratio is defined via the eigenvalues of the covariance matrix of vertex coordinates
_ | Oxx Oxy
Cor= L’xy ”yy} ’ (102)
where oy, 0yy, and oy, are normalised second central moments. With eigenvalues 1, and /J», the aspect ratio is
. maX(ﬂl N ﬂz)
A tRatio = | ——— 103
spectRatio min(, 1) ( )
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B.3.6 Curvature
Local curvature «; at vertex v; (using three consecutive vertices) is approximated by

2 det(viyy — Vi, Vi1 — Vi)

K= (104)
H Viy1 *ViHZ' ”Vi—l *Viﬂz' HVi+1 - Vi71Hz
The mean curvature over the contour is then
1 m
Kmean = E ; Ki (105)
B.3.7 Relative Position Features
Additional features capture the relative position of the slice to the whole model.
o Height Ratio (Hg): The normalised z-position of the slice,
Hyp = Zslice — Zmin (106)
Zmax — Zmin
¢ Distance from Centre (D.): The normalised distance from the contour centroid to the global centre,
x2 + 2
p =X 1Y 107)

Amax

where Anax is the maximum contour area in the slice.
These geometric features form the input vector for the machine learning model that classifies each contour into its corresponding component
(body, holder, channel, or insert).

Appendix C. Machine Learning Component Classification
After geometric feature extraction, machine learning is employed to classify components within the cutting tool.

C.1. Feature Selection

A chi-square (y?) feature selection method is implemented. Given a feature vector X = [x1,X2,...,X,] and class labels Y = [y1 Y2, ey _yn} , the chi-
square test evaluates the independence between each feature and the labels. For feature x;, the chi-square statistic is

m c O — E: 2
£=Y (O — Ey)” . W) (108)
i=1 k=1

where.

e m is the number of feature value intervals,
e c is the number of classes,
e Oy is the observed frequency in interval i for class k,
e Ey is the expected frequency,
_ n;.-nyg

Eg=——, (109)
n

with n;. and nj being the marginal totals and n the total number of samples. A feature is selected if its p-value satisfies:

By =" (110)
n
with « the significance threshold.
C.2. Feature Normalisation
To equalise the contribution of features with different scales, z-score normalisation is applied
Xj —
x} _NTH ) a1
0j
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Where,

1 1 2
=% D x5.0= gZ(xif—ﬂj) (112
i=1 i=1

This transformation ensures features have zero mean and unit variance.
C.4. Zone-Based Feature Engineering

To incorporate structural context, zoned likelihood features are computed based on the vertical position within the tool. The tool is divided into
three zones: body (1), transition (0), and holder (—1). For a slice at height ratio h;, the zone is determined by analysing outer diameter distributions.
Significant transitions are identified where

D; —Di 4
Di 4

> 1p (113)

with 7p a diameter transition threshold. A zone confidence vector
Z=[21,22,...,%n] (114)
is defined as

. _{ngh, if zone; € {-1,1}
=

Zmids if zone; = 0 (115)

For each component, zoned likelihoods Lyody, Lrotder> and Lchanner are computed based on size, position, and zone classification. These likelihoods are

normalised and incorporated into the feature vector, so

Lbody + Lnotder + Lehannet = 1 (116)

Support Vector Machine Classification
The classification model employs a Support Vector Machine (SVM) with a Gaussian kernel. Given a normalised feature vector x, the SVM decision
function for multi-class classification is

f(X) = argker{l}?{(m ; ik Yik I((Xl‘7 X) + bk (117)

where.

e K is the number of classes,

e a;; are the dual coefficients,

e y;i are binary class indicators,
e by is the bias for class k,

The Gaussian kernel is defined as

K(x;, %) =exp( — 7/ —x|1%) (118)

with y controlling the influence radius. The SVM is trained via sequential minimal optimisation to solve the associated quadratic programming
problem.

C.5. Material Property Calculation

Once the components within each slice are classified, their material properties are combined to determine the effective properties of the entire
slice.

C.5.1. Material Assignment
For each classified component, material properties are assigned based on its type. Let £ denote the set of contours in a slice classified as
component type k € {body, holder, channel,insert}. Each component type has associated material properties ¥y = {y¢,y2,...,yT}.

C.5.2. General Mixing Law
For a slice containing n contours with areas {A;,As,...,An} and material properties {y/’i,ylez, yf',,} for property j, the effective property is

calculated as:
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n .
YWy A
=

Wi = (119)

n
YW A
i-1
where w; is a weighting factor. For extensive properties (e.g., mass), w; = 1; for others, w; may vary. More generally, one can express the mixing law as

v =5({(viag)} ) (120)

with g representing geometric arrangement.

C.5.3 Effective Mechanical Properties
For properties relevant to beam theory, effective values are computed using functions such as

Sarithmetic ({v/{Al}) , (rule of mixtures)
l/fiff =1 fharmonic ({yf{ VA }) ,  (inverse rule of mixtures) (121)
Sseomerric ({WJ{,Ai, Ii}) , (moment-dependent)

The effective cross-sectional properties are computed as

n
Aetr = ZAiv (122)
i=1
n n P
Ix,eff = le‘i + ZAI (yc,i _yc> ) (123)
i=1 i=1
n n 2
Iy,eff = ZIy.i + ZAI (xc.i - xc) ) (124)
i=1 i=1

i

Ixy.eff = ilxyl + Y Ai (xc,i - xc) (yc.i 7yc> (125)
i=1 =1

where (x,y.) is the overall centroid.

C.5.4 Handling hole Regions
For regions classified as channels (holes), which affect geometry but not material properties, the effective property is adjusted as:

> Wiyl A
j i Qnole
w]eff.adjus\ed ~Tn = (126)
Wi Ai — Anote
=1

i

where Ay is the total area of hole regions.
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