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ABSTRACT
This paper analyzes the dynamic behavior of a two‐degree‐of‐freedom system subjected to electromagnetic interaction modelled

through a skew‐symmetric coupling matrix. The system comprises two mechanically independent oscillators coupled by

velocity‐dependent electromagnetic forces. The equations of motion are formulated and analyzed in the modal domain,

highlighting the effects of the antisymmetric interaction on natural frequencies and mode shapes. The classical orthogonality is

broken, resulting in complex eigenvectors; nevertheless, the system remains conservative, as the interaction forces perform no

work. The analysis is carried out using both configuration‐space and state‐space formulations, revealing modal frequency

splitting and phase shifts induced by the skew‐symmetric term. These modal features are further examined through time‐
domain simulations and frequency response functions. The main contribution of this study is the development and analysis of a

deliberately simple yet general model that isolates the essential dynamic effects of skew‐symmetric electromagnetic coupling.

This minimal formulation, often hidden in more complex systems, reveals key phenomena such as modal frequency splitting,

non‐normal modes, and energy‐conserving cross‐effects. The model serves not only as a conceptual reference but also as a

methodological framework applicable to a broad class of coupled electromechanical systems.

1 | Introduction

The interaction between mechanical and electromagnetic
fields refers to the interdependence of these two funda-
mental aspects of physics. It arises when changes in
mechanical systems induce changes in electromagnetic
fields, or vice versa, creating a dynamic relationship that
significantly influences the behavior and properties of
physical systems. Understanding this interaction is crucial
across disciplines such as electrical and mechanical en-
gineering, materials science, and physics, as it underpins the

operation of numerous devices and systems including
motors, generators, sensors, actuators, and transducers.

On the one hand, in electrical engineering, the integration
of mechanical, and electromagnetic principles is funda-
mental to the design, operation, and performance of elec-
trical machines [1]. From generators and motors [2–4] to
transformers [5] and actuators [6], these machines rely on
the complex interaction between mechanical motion and
electromagnetic forces. For instance, in rotating machines
like motors and generators, mechanical motion induces
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changes in magnetic flux, leading to the generation of
electromotive forces (EMFs) and electrical currents. Con-
versely, the interaction of electrical currents with magnetic
fields generates forces and torques on mechanical compo-
nents, driving rotational motion or producing mechanical
outputs. This bidirectional interplay between the mechani-
cal and electromagnetic domains governs the performance
and efficiency of electrical machines.

On the other hand, in mechanical engineering, a prominent
application of this interaction is eddy current damping [7], as
seen in magnetic brakes [8], seismic dampers [9], and lever‐type
vibration isolators [10]. Several studies [11, 12] have reviewed
these varied applications in detail. Furthermore, in energy
harvesting systems, piezoelectric beams operating within
electromagnetic fields [13–15] experience coupling forces that
alter their mechanical behavior.

Another key example are microelectromechanical systems
(MEMS), which exemplify the seamless integration of
mechanical and electromagnetic principles, addressing several
engineering challenges. In MEMS, mechanical components
undergo elastic vibrations [16–18], such as the bending of
electrostatically charged beams [19–22] and sandwich compo-
sites [23], while electromagnetic fields exert forces and torques
on these structures, influencing their mechanical responses.

Recent advances in the study of nonsymmetric coupling and
vibrational dynamics have been reported in several works. These
studies analyze the impact of complex mechanical, magnetic, and
electromechanical couplings on the modal properties, stability,
and bifurcation scenarios of multi‐degree‐of‐freedom systems.
For instance, Amer et al. have investigated the resonance and
stability of triple and double pendulum systems under various
excitations, employing advanced analytical and numerical tech-
niques to reveal transitions between periodic, quasiperiodic, and
chaotic behaviors [24, 25]. Other works extend these approaches
to systems with piezoelectric harvesters and magnetic absorbers,
highlighting practical implications for energy harvesting and
vibration control [26, 27]. Additionally, recent analyses of
magnetic inverted and spherical pendulums provide insights into
the stabilizing role of magnetic fields and the influence of
nonconservative forces [28, 29]. Unlike these previous studies,
the present work introduces a minimalist analytical model that

isolates the effects of skew‐symmetric electromagnetic coupling,
enabling a detailed exploration of frequency splitting and
non‐orthogonality in a conservative framework.

The paper is organized as follows: after the introduction in
Section 1, the system definition and governing equations are
presented in Section 2. The eigenvalue problem is then solved
using two approaches: the configuration‐space and state‐space
formulations, with eigenvalues, eigenvectors, and their orthogo-
nality and normalization properties analyzed in both cases.
Sections 4 and 5 address the free vibration and harmonic response
of the system, respectively, employing both approaches. Section 6
presents a numerical application, and finally, Section 7 summa-
rizes the main conclusions.

2 | System Definition and Governing Equations

In this section, the equations of motion for an electrostatically
charged body vibrating in a magnetic field are developed.
Figure 1A illustrates the body of mass m and electrostatic charge
q vibrating in the horizontal x‐y plane. A magnetic field with flux
density B zB= is applied, where z is the unit vector in the z
direction (perpendicular to the x‐y plane) and B is the magnitude
of the magnetic flux density. The body is connected to the ground
by two springs aligned with the x and y directions, the stiffness
constants of the springs being kx and ky, respectively. The posi-
tion vector u t( ) of the body is given by u t x t y t( ) = [ ( ) ( )]T,
where the superscript ⋅( )T denotes the transpose operator.
The corresponding velocity and acceleration vectors are
u̇ t x t y t( ) = [ ̇ ( ) ̇( )]T and ü t x t y t( ) = [ ̈ ( ) ̈( )]T. In addition, the
body is subjected to two external forces, f t( )x and f t( )y , acting in
the x and y directions, respectively. To ensure analytical tracta-
bility and focus on the essential features of electromagnetic
interaction, the following assumptions are adopted:

• The moving body is modeled as a particle.

• The springs are massless, linear, and exhibit no internal
damping.

• Small displacements are assumed, so that geometric
linearity is valid.

• Spring forces remain aligned with their respective directions.

FIGURE 1 | Charged particle of mass m vibrating in a magnetic field with flux density B: (A) schematic of the model and (B) free‐body diagram

of the charged mass.
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• Throughout the study, it is assumed that k k<x y.

• The magnetic flux density B is constant and uniform.

• Electromagnetic forces arise solely from velocity‐dependent
Lorentz interaction.

Figure 1B shows the free body diagram of the particle, indicating
the external forces f t( )x and f t( )y , the elastic restoring forces
k x t( )x and k y t( )y from the springs, and the electromagnetic forces
qBx ṫ ( ) and qBy ṫ( ) arising from the interaction between the charge
and the magnetic field. The latter are given by Lorentz law,

F u̇ Bq t= ( )em . This results in a force component in the
x‐direction that depends on the velocity y ṫ( ) and another in the
y‐direction that depends on x ṫ ( ). This means that the Lorentz force
couples the motions x t( ) and y t( ) due to the interaction between
the magnetic field B and the moving charge q. The equations of
motion in the x and y directions then become

mx t qBy t k x t f ẗ ( ) − ̇( ) + ( ) = ( ),x x (1)

my t qBx t k y t f ẗ( ) + ̇ ( ) + ( ) = ( ).y y (2)

It can be noted that the coupling terms in these equations have
opposite signs. This sign difference plays a crucial role in the
dynamics of the system, as explored throughout the paper.
These equations describe a two‐degree‐of‐freedom system and
can be expressed in matrix form as


















































m
m

x t

y t

qB

qB

x t

y t

k

k

x t

y t

f t

f t

0
0

̈ ( )

̈( )
+

0 −

0

̇ ( )

̇( )
+

0

0

( )

( )

=
( )

( )
,

x

y

x

y

(3)

which can be compactly written as

Mu Eu̇ Ku ft t t ẗ ( ) + ( ) + ( ) = ( ), (4)

where M is the mass matrix, K is the stiffness matrix, E rep-
resents the coupling matrix due to the Lorentz force, and f t( ) is
the external force vector. The mass and stiffness matrices are
symmetric (actually, they are diagonal), while the coupling
matrix is skew‐symmetric, i.e., E E= −T .

Equation (4) resembles the second‐order differential equation sys-
tem typical of structural systems with viscous damping. However, in
those cases, the damping matrix is usually symmetric with a
dominant principal diagonal [30]. In contrast, here the skew‐
symmetric nature of the coupling matrix introduces distinctive
dynamic properties. Some of these are reminiscent of gyroscopic
systems, in which a skew‐symmetric gyroscopic matrix couples the
vibration modes of a rotating elastic body [31, 32]. Nevertheless,
important differences arise, for example, with regard to stability,
that are addressed in the following sections.

3 | Eigenvalue Problem

In this section, the eigenvalue problem of the system is solved
and analyzed in depth. To examine the influence of the

interaction between the charge and the magnetic field on mode
coupling, the eigensolution of the uncoupled system is first
presented. After, the eigenvalue problem of the coupled system is
studied using both the configuration‐space and the state‐space
formulations.

The configuration‐space approach has the advantage of preserving
the matrices of the original system. However, the orthogonality
properties of the eigenvectors become more complex than those
of conventional structural systems, as will be shown later.
As a consequence, modal superposition cannot be applied in the
conventional sense when solving for the system response.

In the state‐space formulation, in turn, the number of degrees of
freedom is doubled, which increases the size of the matrices and
the computational cost. Nevertheless, in this case, the response
of the state variables can be obtained through conventional
modal superposition.

3.1 | Eigensolutions of the Uncoupled System

The particular case in the absence of a magnetic field, i.e., for
B = 0, is now considered. In this case, the equations of motion
are reduced to two uncoupled differential equations for the
displacements x t( ) and y t( ), which can be expressed in matrix
form as



























 { }m

m

x t

y t

k

k

x t

y t
0

0

̈ ( )

̈( )
+

0

0

( )

( )
= 0

0
.

x

y
(5)

The eigenvalues of this uncoupled two‐degree‐of‐freedom sys-
tem are given by ω k m= /x x and ω k m= /y y . As previously
stated, the condition ≤k kx y is assumed, and therefore, ≤ω ωx y

holds. If ≠ω ωx y, the corresponding eigenvectors are
u = [1 0]x

T and u = [0 1]y
T, and the orthogonality property

with respect to the mass and stiffness matrices is satisfied.

3.2 | Modal Properties in the Configuration Space

In this section, the modal properties of the system in
configuration‐space coordinates, defined by x t( ) and y t( ), are
analyzed. The eigenvalues and eigenvectors are first examined
in the general case. Then, the particular case of a coupled sys-
tem derived from an uncoupled system exhibiting a double
mode is considered. Finally, the orthogonality and normaliza-
tion properties of the eigenvectors are addressed.

3.2.1 | Eigenvalues and Eigenvectors

Due to the structure of Equation (4), the eigensolution is fully
defined by the eigenvalue problem with right eigenvectors uR
and left eigenvectors uL, derived, respectively, from

M E K uω iω 0(− + + ) = ,2
R (6)

u M E Kω iω 0(− + + ) = .L
T 2 T (7)

3
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Accordingly, the eigenvalues are obtained by solving the char-
acteristic equation

M E Kω iωdet(− + + ) = 0,2 (8)

which yields a characteristic polynomial in ω. Two important
conclusions can be drawn from the structure of Equations (6)–(8):

First, the transpose operator is applied to Equation (7), result-
ing in

M E K uω iω 0(− − + ) = ,2
L (9)

because M M=T , K K=T and E E= −T . Therefore, the
eigenvalues can equivalently be obtained from

M E Kω iωdet(− − + ) = 0.2 (10)

Since the characteristic equation must be unique, both
Equations (8) and (10) must yield the same result. Hence, the
characteristic equation can be expressed in terms of either ω+

or ω− , leading to the conclusion that it must contain only even
powers of ω

ω ω ω ω( − )( − ) = 01
2 2

2
2 2 (11)

and, thus, the eigenvalues must be real and occur in pairs: ω± 1

and ω± 2. The positive values are associated with the right ei-
genvectors, while the negative values correspond to the left ei-
genvectors. This behavior contrasts with that of second‐order
systems with viscous damping, where the eigenvalues typically
form complex conjugate pairs. The presence of real eigenvalues
in the current system is consistent with the absence of damping.

Next, the Hermitian operator ⋅( )H (i.e., the complex conjugate
transpose) is applied to Equation (7), leading to

M E K uω iω 0(− + + ) ¯ = ,2
L (12)

where ⋅( ) denotes complex conjugation. The only imaginary
term affected is Eiω , since the matrices are real and the ei-
genvalues were shown to be real. A comparison of Equations (6)
and (12) reveals that they are in fact equivalent, which means
that the right and left eigenvectors form complex conjugate
pairs. This is another distinction from viscous systems with
symmetric matrices, in which the complex right and left
eigenvectors are identical.

In summary, due to the skew‐symmetric nature of the electro-
magnetic coupling matrix E, the eigenvalues of the coupled
system are real and occur in opposite‐sign pairs. The positive
eigenvalues are associated with the right eigenvectors uR, and the
negative ones with the left eigenvectors uL, which are their
complex conjugates. From this point on, for notational simplicity,
the right eigenvectors are denoted by u and the left ones by ū.

Next, let us analyze the eigenvalues. The characteristic Equa-
tion (8) becomes

ω ω ω ω C ω( − )( − ) − = 0,x y
2 2 2 2 2 2 (13)

where ωx and ωy are the natural angular frequencies of the
uncoupled system, and the constant C is defined as

C
qB

m
= . (14)

As expected, this is a second‐order equation in ω2. Before
solving it, the functions f ω( )1

2 and f ω( )2
2 , given by

f ω ω ω ω ω( ) = ( − )( − ),x y1
2 2 2 2 2 (15)

f ω C ω( ) = ,2
2 2 2 (16)

are plotted in Figure 2A.

In Figure 2A, the intersections between the blue parabola f ω( )1
2

and the abscissa axis correspond to the squared natural angular
frequencies ωx

2 and ωy
2 of the uncoupled system, and the

intersections between the blue parabola f ω( )1
2 and the red

straight‐line f ω( )2
2 yield the solutions of Equation (13), corre-

sponding to ω1
2 and ω2

2, the squared natural angular frequencies
of the coupled system due to the electromagnetic and
mechanical interactions. Thus, the eigenvalues are again ω± 1

and ω± 2. From this figure, it can be deduced that the magnetic
coupling causes a decrease in the lowest frequency and an
increase in the highest one. These effects are directly related to
the slope of f ω( )2

2 , which is C2: as this slope increases, ω1
decreases and ω2 increases. When the slope approaches verti-
cality, it can be observed that the former tends to zero while the
latter tends to infinity.

Specifically, by solving Equation (13), the resulting eigenvalues
are given by







ω

ω ω C ω ω C
ω ω=

+ +

2
−

+ +

2
− ,

x y x y
x y1

2
2 2 2 2 2 2 2

2 2 (17)







ω

ω ω C ω ω C
ω ω=

+ +

2
+

+ +

2
− .

x y x y
x y2

2
2 2 2 2 2 2 2

2 2 (18)

To illustrate the dependence on C, the values of ω1 and ω2 are
represented in Figure 2B. In this figure, it can be observed that
ω1 asymptotically decreases toward zero, while ω2 increases
without bound, following the asymptote ω C C( ) = . This anal-
ysis of the eigenvalues confirms that all natural frequencies
remain real and positive for any value of the coupling param-
eter. Consequently, the system exhibits bounded oscillatory
motion and is unconditionally stable. This contrasts, for ex-
ample, with gyroscopic systems involving a skew‐symmetric
matrix [31, 32], which can become unstable at specific rota-
tional speeds (known as critical speeds).

Regarding the right eigenvectors, the solution of u1 and u2
corresponding to ω1 and ω2 are expressed as
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
{ }u u

α
β

=
1
−i

, =
−i

1
,1 2 (19)

where the coefficients α and β are real and positive, defined by

α
ω ω

Cω
=

−
,x

2
1
2

1

(20)

β
ω ω

Cω
=

−
,

y2
2 2

2

(21)

respectively. These eigenvectors are presented without any
particular normalization, to clearly exhibit the coupling terms
introduced by the magnetic interaction. Normalization is ad-
dressed in Section 3.2.3. A comparison with the eigenvectors ux
and uy of the uncoupled system reveals that the coupling
between modes is introduced by purely imaginary terms. This
leads to a phase difference between the motions x t( ) and y t( ),
governed by the values of α and β. The dependence of these
parameters on C is illustrated in Figure 2C. It should be noted
that both α (blue line) and β (red line) are strictly increasing
functions of C, indicating that the strength of mode coupling
grows with the magnetic interaction. Furthermore, it is
observed that β α> ; the former tends toward 1, while the latter
approaches the ratio between the smallest and largest natural
frequencies of the uncoupled system. This implies that the
phase difference between the modal displacements tends to a
constant as C increases.

3.2.2 | The Particular Case of the Double Mode

In this section, the particular case in which k k k= =x y is
analyzed. This condition implies that the uncoupled system

possesses a double mode with a unique natural angular
frequency, ω k m= /0 , and no specific eigenvector can be
defined. Under this condition, the characteristic Equation (13)
for the coupled system becomes

ω ω C ω( − ) − = 0.0
2 2 2 2 2 (22)

As in the general case discussed previously, the new parabola
f ω( )1

2 and straight‐line f ω( )2
2 are represented in Figure 3A.

The only intersection of the blue parabola f ω( )1
2 with the

abscissa axis corresponds to the single‐squared natural angular
frequency of the uncoupled system ω0

2. The intersections
between the blue parabola and the red straight‐line f ω( )2

2

illustrate how this frequency splits into two distinct values
when the magnetic field is applied: a lower frequency ω1

2 and a
higher one ω2

2. As in the general case, ω1
2 decreases toward zero

as the slope C2 increases, while ω2
2 increases without bound.

Specifically, the resulting expressions for ω1 and ω2 are



 


ω ω

C C
= +

2
−

2
,1 0

2
2

(23)



 


ω ω

C C
= +

2
+

2
.2 0

2
2

(24)

Figure 3B shows the evolution of these angular frequencies as a
function of the parameter C. The blue curve represents ω1 and
the red one ω2. As previously described, it can be observed that
the original natural frequency splits into two: one frequency
decreases monotonically and asymptotically to zero, while the
other increases without bound, following the asymptote
ω C C( ) = .

Regarding the right eigenvectors, they are given by

FIGURE 2 | Influence of the magnetic field on the modal properties of the system: (A) the intersection of the curves indicates that mode coupling

leads to a decrease in the lowest natural frequency and an increase in the highest, relative to the uncoupled system; (B) evolution of the natural

frequencies ω1 and ω2 of the coupled system as a function of the coupling parameter C and (C) evolution of the coefficients α and β of the

eigenvectors of the coupled system as functions of the coupling parameter C.
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{ } { }u u=
1
−i

,   = −i
1

.1 2 (25)

It can be noted that these eigenvectors remain constant. In
other words, for the coupling in this case, the coefficients α and
β are independent of the coupling constant C, as illustrated in
Figure 3C. This figure shows that these coefficients take the
fixed value α β= = 1. This behavior represents a notable dif-
ference to the general case where ≠k kx y.

3.2.3 | Orthogonality and Normalization

TheM K− system without any mechanical‐electrical‐magnetic
coupling given by Equation (5) is self‐adjoint. Consequently, the
eigenvectors are orthogonal with respect to the mass matrix M
and the stiffness matrix K . This property enables useful pro-
cedures related to normalization, diagonalization, and modal
superposition.

However, for the coupled system, the self‐adjoint property no
longer holds, and the orthogonality relations become more
complex than in the uncoupled case. To deduce these propert-
ies, the eigenvalue problem given by Equation (6) is considered
for two distinct eigenvalues ωi and ωj,

( )M E K uω iω 0− + + = ,i i i
2 (26)

( )M E K uω iω 0− + + = .j j j
2 (27)

The first equation is pre‐multiplied by u j
T and the second by ui

T,
after which the second expression is transposed. These
manipulations yield

( )u M E K uω iω− + + = 0,j i i i
T 2 (28)

( )u M E K uω iω− − + = 0.j j j i
T 2 (29)

By subtracting these two expressions, the following equation is
obtained,

u M E uω ω ω ω i( + ) [( − ) − ] = 0.i j j i j i
T (30)

In addition, multiplying Equation (28) by ωj and Equation (29)
by ωi, and adding the results leads to

u M K uω ω ω ω( + ) (− + ) = 0.i j j i j i
T (31)

From these, two orthogonality relations for the coupled system
are derived,

u M E uω ω i[( − ) − ] = 0,j i j i
T (32)

u M K uω ω(− + ) = 0.j i j i
T (33)

For the case i j= , Equations (32) and (33) reduced to

u Eu = 0,i i
T (34)

( )u M K uω− + = 0.i i i
T 2 (35)

Additional properties can be obtained by applying the Hermi-
tian operator instead of the transpose. This results in

( )u M E K uω iω− + + = 0,j i i i
H 2 (36)

FIGURE 3 | Influence of the magnetic field on the modal properties of the coupled system when k k=x y: (A) the intersection of the curves

indicates that mode coupling splits the double natural frequency ω0 into two distinct frequencies: one lower (ω1) and one higher (ω2); (B) evolution of

the natural frequencies ω1 and ω2 of the coupled system as a function of the coupling parameter C when k k=x y and (C) evolution of the coefficients
α and β of the eigenvectors of the coupled system as functions of the coupling parameter C.
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( )u M E K uω iω− + + = 0.j j j i
H 2 (37)

Subtracting the two yields

u M E uω ω ω ω i( − ) [( + ) − ] = 0.i j j i j i
H (38)

Furthermore, by multiplying Equations (36) and (37) by ωj and
by ωi, respectively, and subtracting, it follows that

u M K uω ω ω ω( − ) [ + ] = 0.i j j i j i
H (39)

Thus, for ≠i j, two additional orthogonality properties hold

u M E uω ω i[( + ) − ] = 0,j i j i
H (40)

u M K uω ω[ + ] = 0.j i j i
H (41)

As previously mentioned, the orthogonality relations in Equa-
tions (32)–(35), (40), and (41) are not as straightforward as in
the uncoupled case, which limits their usefulness in diagonal-
ization and modal superposition.

A final property can be derived for normalization. When i j= ,
Equations (38) and (39) become

u M E uω i δ[2 − ] = ,i i i i
H (42)







u M K uω γ+ = ,i i i i

H 2 (43)

where the constants δi and γi satisfy the relation

γ ω δ= .i i i (44)

These expressions define a normalization method for the eigen-
vectors. For instance, the choice δ ω= 2i i corresponds to the
typical unit modal mass normalization of the uncoupled systems
with E 0= , similarly to systems with viscous damping [33].

3.3 | Modal Properties in the State Space

In this section, the modal properties derived from the state‐space
formulation are examined. The methods are similar to those used
in classical problems involving viscous damping [30]. Therefore,
a detailed development is not presented, but the key aspects are
highlighted to enable the application of modal superposition in
Sections 4 and 5, where the system response is obtained. First,
the solution to the eigenvalue problem is outlined, followed by
the orthogonality and normalization properties.

3.3.1 | Eigenvalues and Eigenvectors

The state vector z t( ) associated with the displacement vector
u t( ) is defined as







z
u

v
t

t

t
( ) =

( )

( )
, (45)

where vector v t( ) is referred to as the effective velocity, defined
by the momentum equality

Mv Mu̇t t( ) = ( ). (46)

With this definition, the generalized state‐space form is written
as

Az ̇ Bzt t 0( ) + ( ) = , (47)

where







A E M

M 0
= , (48)







B K

M
0

0
=

−
. (49)

Matrix B is symmetric, whereas matrix A is neither symmetric
nor skew‐symmetric. The right and left eigenvalue problems are
given by

A B zω 0(i + ) = ,R (50)

z A Bω 0(i + ) = ,L
T T (51)

where zR and zL denote the right and left eigenvectors,
respectively. The eigenvalues are obtained by solving the fol-
lowing determinant equation,

A Bωdet(i + ) = 0. (52)

The first property is derived by transposing Equation (51),
which gives

A B zω 0(i + ) = .T
L (53)

This shows that the left eigenvectors of the original problem can
be obtained as the right eigenvectors of the transposed problem,
that is, the system defined by the matrices AT and B B=T .

To derive the second and third properties, Equation (50) is
transposed, leading to

z A Bω 0(i + ) = ,R
T T T (54)

and then the Hermite operator is applied,

A B zω 0(−i + ) ¯ = .R (55)

This result implies two things: first, the right eigenvectors form
complex conjugate pairs (and a similar result holds for the left
eigenvectors); second, the eigenvalues can also be obtained
from

7
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A Bωdet(−i + ) = 0. (56)

Therefore, it is concluded that, as in the configuration‐space
formulation, the eigenvalues are real and appear in positive
and negative pairs. Specifically, the four eigenvalues are ω1,
ω2, ω− 1 and ω− 2, as given in Equations (17) and (18).
The corresponding right eigenvectors are





























z z z z z z
α
ω
ω α

β

ω β

ω

=

1
−i
i

, =

−i

1

i

, = ¯ , = ¯ .R,1
1

1

R,2
2

2

R,3 R,1 R,4 R,2 (57)

An important property can be deduced from this expression: the
components corresponding to the coordinates x t( ) and y t( ),
i.e., the first two components, match the eigenvectors of the
configuration space, as given in Equation (19). In other words,
Equation (57) can be alternatively written as

{ } { }z
u

u
z

u

u
z z z z

ω ω
=

i
,   =

i
,   = ¯ ,   = ¯ .R,1

1

1 1
R,2

2

2 2
R,3 R,1 R,4 R,2

(58)

Regarding the left eigenvectors, they result in





























z z z z z z
α
ω
ω α

β

ω β

ω

=

1
i
i
−

,   =

i

1
−

i

,   = ¯ ,   = ¯ ,L,1
1

1

L,2
2

2

L,3 L,1 L,4 L,2

(59)

which leads to the conclusion that they can be obtained from
the complex conjugates of the right eigenvectors in the config-
uration space, as follows:





z

u

u
z

u

u
z z z z

ω ω
=

¯

i ¯
,   =

¯

i ¯
,   = ¯ ,   = ¯ .L,1

1

1 1
L,2

2

2 2
L,3 L,1 L,4 L,2

(60)

3.3.2 | Orthogonality and Normalization

The orthogonality relations for the state‐space formulation are
derived using the right and left eigenvectors defined previ-
ously, following a structure similar to that used in classical
systems with viscous damping [30]. They are succinctly
revised next.

Let z iR, and z jL, be the right and left eigenvectors associated
with the eigenvalues ωi and ωj, respectively, ≠ω ωi j. These
vectors satisfy

A B zω 0(i + ) = ,i iR, (61)

z A Bω 0(i + ) = .j jL,
T T (62)

To derive orthogonality relations, Equation (61) is
pre‐multiplied by z jL,

T and Equation (62) is multiplied by z iR, .
These manipulations led to the following two relations,

z A B zω(i + ) = 0,j i iL,
T

R, (63)

z A B zω(i + ) = 0.j j iL,
T

R, (64)

By subtracting these two equations, the orthogonality relation

z Az = 0j iL,
T

R, (65)

is obtained. Likewise, multiplying Equations (63) and (64) by ωj
and ωi, respectively, and subtracting them yields

z Bz = 0.j iL,
T

R, (66)

These results indicate that the eigenvectors associated with
different eigenvalues are orthogonal with respect to both
matrices A and B.

For the case i j= , the relations become self‐inner products. The
expressions

z Az ϕ= ,i i iL,
T

R, (67)

z Bz φ= ,i i iL,
T

R, (68)

define two constants, ϕi and φi, which characterize the nor-
malization of the eigenvectors. It can be verified that these
constants satisfy the identity

φ ω ϕ= −i .i i i (69)

This relation mirrors the one derived in the configuration‐space
formulation and can be used as a basis for normalization. In
particular, the eigenvectors can be normalized so that

→ϕ φ ω= 1 = −i .i i i (70)

This choice is consistent with the standard normalization
applied to modal vectors in undamped systems and allows for
direct application of modal superposition in the analysis of the
system response.

4 | Free Vibration

The free vibration response of the charged mass under initial
conditions can be obtained by several approaches: direct integra-
tion methods such as the Newmark method, direct method in the
configuration space, or modal superposition in the state space.

Direct integration is straightforward, since it does not require
prior computation of the eigenvalues and eigenvectors; how-
ever, it provides no insight into the modal contributions of the
system. In contrast, modal superposition in the state space
yields information about the participation of each mode. This
method, however, presents two drawbacks: the dimensionality
of the matrices is doubled, increasing computational demands,

8 International Journal of Mechanical System Dynamics, 2025

 27671402, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

sd2.70047 by M
ondragon G

oi E
skola, W

iley O
nline L

ibrary on [25/11/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



and the resulting eigenvectors do not correspond to those of the
configuration space, representing “fictitious” modes instead.

On the other hand, the response in the configuration space enables
the study of the actual modes of the system, although classical
modal superposition via diagonalization cannot be applied.

4.1 | Response in the Configuration Space

The response u t( ) of the charged mass can be expressed by the
contribution of the eigenmodes. As previously established, the sys-
tem possesses four eigenpairs: two real eigenvalue pairs ω± i and the
associated complex conjugate eigenvectors ui and ūi. Accordingly,
the positionu t( ) and velocity u̇ t( ) of the charged mass are given by

( )u u ut A B( ) = e + ¯ e ,
i

n

i i
ω t

i i
ω t

=1

i −ii i (71)

 ( )u̇ u ut ω A B( ) = i e − ¯ e ,
i

n

i i i
ω t

i i
ω t

=1

i −ii i (72)

respectively, where Ai and Bi are coefficients determined by the
initial conditions u0 and u̇0. Although in the present study
n = 2, the subsequent formulation is presented in a general
form valid for any number of degrees of freedom n.

The coefficients Ai and Bi are complex, yielding a total of n2

unknowns (one pair per eigenmode). These coefficients are
related to the initial conditions as follows:

u u uA B= ( + ¯ ),
i

n

i i i i0

=1

(73)

u̇ u uω A B= i ( − ¯ ).
i

n

i i i i i0

=1

(74)

Considering that the initial conditions are purely real, it follows
that the pairs Ai and Bi must be complex conjugates. To show
this, the eigenvectors ui are decomposed into their real and
imaginary components, denoted as vi and wi, respectively:

u v w= + i .i i i (75)

Substituting this decomposition into the expressions for u0 and
u̇0 yields

u v w v wA B= [ ( + i ) + ( − i )],
i

n

i i i i i i0

=1

(76)

u̇ v w v wω A B= i [ ( + i ) − ( − i )].
i

n

i i i i i i i0

=1

(77)

These expressions must yield real vectors. Thus, their imaginary
parts must vanish:

v wA B A B 0Im[ ( + ) + i ( − )] = ,i i i i i i (78)

w vω A B ω A B 0Im[− ( + ) + i ( − )] = .i i i i i i i i (79)

These conditions are satisfied if Ai and Bi are complex
conjugates,

B A= ¯ .i i (80)

Therefore, these coefficients can be expressed as complex
numbers as

A a b= + i ,i i i (81)

A a b¯ = − i ,i i i (82)

and the initial conditions become

u v wa b= 2 ( − ),
i

n

i i i i0

=1

(83)

u̇ w vω a b= −2 ( + ).
i

n

i i i i i0

=1

(84)

To solve for the coefficients ai and bi, the matricesV ,W , and Ω
are introduced as

⋯V v v v= [ ],n1 2 (85)

⋯W w w w= [ ],n1 2 (86)

Ω ω= [diag( )].i (87)

The coefficients ai and bi are grouped into the following column
vectors:

⋯a a a a= [ ] ,n1 2
T (88)

⋯b b b b= [ ] .n1 2
T (89)

The system of initial conditions can then be recast in matrix
form as

u Va Wb= 2( − ),0 (90)

u̇ Ω Wa Vb= −2 ( + ).0 (91)

Solving for a and b gives

a V WΩ V WΩ u WΩ V u̇=
1

2
( + ) ( − ),−1 −1 −1

0
−1 −1

0 (92)

b W VΩ W VΩ u VΩ W u̇= −
1

2
( + ) ( + ).−1 −1 −1

0
−1 −1

0

(93)

It should be noted that, in this study, the system has only two
degrees of freedom, making the matrix inversion straightfor-
ward. Nonetheless, in more general cases with a larger number
of degrees of freedom, solving the system numerically may be

9
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more efficient. In such cases, the following linear system can
be used:







 { }{ }V W

ΩW ΩV

a
b

u

u̇
−

− −
=
1

2
.

0

0
(94)

In either case, the response u t( ) is finally given by

u V Ω a Ω b

W Ω b Ω a

t t t

t t

( ) = 2 (cos − sin )

− 2 (cos + sin ),
(95)

where Ωtcos and Ωtsin denote diagonal matrices with entries
ω tcos i and ω tsin i , respectively. This equation represents a

superposition of undamped vibrations with angular frequencies
ωi. However, it does not correspond to a conventional mode
superposition, since the system is not self‐adjoint. As a result,
the motion described by Equation (95) cannot be interpreted as
a sum of independent modal contributions. This behavior is
illustrated in the numerical example presented in Section 6.

4.2 | Modal Superposition in the State Space

The advantage of studying the free response through the
state‐space formulation is that the response can be obtained
by classical mode superposition. This means that the state
variable z t( ) can be obtained as the result of the contribution
of each eigenvector z iR, whose participation is given by the
modal coordinate q t( )i . Then, the state variable can be writ-
ten as

z Z qt t( ) = ( ),R (96)

where ZR is the matrix of the right eigenvectors arranged in
columns,

⋯Z z z z= [ ],nR R,1 R,2 R,2 (97)

and q t( ) is the column vector of the modal coordinates,

⋯q t q t q t q t( ) = [ ( ) ( ) ( )] .n1 2 2
T (98)

Then, Equation (47) can be written as

AZ q BZ qt ṫ 0( ) + ( ) = ,R R (99)

which can be pre‐multiplied by ZL
T, where ZL is the matrix of

the left eigenvectors arranged in columns,

⋯Z z z z= [ ],nL L,1 L,2 L,2 (100)

yielding

Z AZ q Z BZ qt ṫ 0( ) + ( ) = .L
T

R L
T

R (101)

Taking into account the orthogonality properties of the eigen-
vectors deduced in the previous section, it can be deduced that

the system equations (101) can be decoupled for the 2n modal
coordinates q t( )i . The differential equation for the modal co-
ordinates results in

ϕ q t φ q ṫ ( ) + ( ) = 0,i i i i (102)

where by considering the relation between ϕi and φi given by
Equation (69), φ ω ϕ= −ii i i, the solution for the modal co-
ordinates yields

q t Q( ) = e .i i
ω t−i i (103)

This equation represents harmonic functions with amplitudes
Qi, which depend on the initial conditions z0 of the state vari-
able, given by

{ }z
u

u̇
= .0

0

0
(104)

The amplitude vector Q, defined as

⋯Q Q Q Q= [ ] ,n1 2 2
T (105)

can be obtained from the initial value of Equation (96),

z Z Q= .0 R (106)

To avoid inverting matrix ZR, Equation (106) can be multiplied
to the left by matrix Z AL

T ,

Z Az Z AZ Q= ,L
T

0 L
T

R (107)

because matrix Z AZL
T

R that multiplies Q is diagonal, and its
inverse is straightforward. Moreover, if the eigenvectors are
normalized as proposed by Equation (70), that matrix becomes
the identity matrix, and the amplitude vector yields

Q Z Az= .L
T

0 (108)

Finally, the response of the state vector z t( ) results in the
superposition of harmonic motions in which each eigenvector is
multiplied by the modal contribution factor Qi,

z Z q zt t Q( ) = [diag( ( ))] = e .
i

n

i i
ω t

R

=1

2

R,
−i i (109)

To conclude, two of the properties derived in the previous
section must be considered: the eigenvalues appear in pairs
with ± signs and the eigenvectors are complex conjugate pairs.
Then, the previous equation can be rewritten as

( )z z zt Q Q( ) = e + e ,
i

n

i i
ω t

i i
ω t

=1

R,
−i

R,
ii i (110)

which can be simplified as

10 International Journal of Mechanical System Dynamics, 2025
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z z zt Q ω t Q ω t( ) = (Re( )cos + Im( )sin ).
i

n

i i i i i i

=1

R, R,

(111)

Finally, the solution for the original variable u t( ) can be
obtained as

u u ut Q ω t Q ω t( ) = (Re( )cos + Im( )sin ),
i

n

i i i i i i

=1

(112)

which gives the same response as the one obtained in the
configuration space, Equation (95).

5 | Frequency Response

In this section, the frequency response is obtained by assuming
that the two external forces f t( )x and f t( )y actuating on the
charged mass are harmonic share the same excitation angular
frequency ω and are in phase. Then, the force vector is given by

f Ft( ) = e ,ωti (113)

where F F F= [ ]x y
T is the force amplitude vector, with Fx and

Fy denoting the components in the x and y directions, respec-
tively. First, the response in the configuration space is
described, followed by the response in the state space.

5.1 | Frequency Response in the Configuration
Space

The orthogonality properties developed in Section 4.1 are not
straightforward and do not allow the response to be obtained by
modal superposition. For this reason, the harmonic response
can only be computed directly from the Fourier transform of
Equation (4), given by

M E K U Fω iω ω(− + + ) ( ) = ,2 (114)

where U ω U ω U ω( ) = [ ( ) ( )]x y
T is the complex displacement

amplitude vector depending on ω, and U ω( )x and U ω( )y are its
components. In a system with only two degrees of freedom, as
those studied in this paper, the vector U ω( ) can be easily
computed by inverting the dynamic stiffness matrix at each
angular frequency ω,

U M E K Fω ω iω( ) = (− + + ) .2 −1 (115)

However, in a general case involving a larger number of degrees
of freedom, matrix inversion is not recommended, and
numerical methods such as decomposition algorithms are more
suitable. For the specific system analyzed in this paper, the
displacement amplitudes can be computed exactly, yielding

U ω
ω ω F ωCF

m ω ω ω ω
( ) =

( − ) + i

( − )( − )
,x

y x y
2 2

1
2 2

2
2 2

(116)

U ω
ω ω F ωCF

m ω ω ω ω
( ) =

( − ) − i

( − )( − )
.y

x y x
2 2

1
2 2

2
2 2

(117)

These displacement amplitudes are complex, indicating a
phase difference between the displacements x t( ) and y t( ),
and the applied forces. Specifically, the imaginary terms
appear in the cross terms, i.e., in the relation between the
amplitudeU ω( )x and the force Fy, and between the amplitude
U ω( )y and the force Fx . These relations are better illustrated
using the frequency response functions (FRFs) H ω( )jk , which
represent the ratio between the displacement amplitude
associated with the j‐th degree of freedom and the force
associated with the k‐th one. The four FRFs of this system are
given by

H ω
U ω

F

ω ω

m ω ω ω ω
( ) =

( )
=

−

( − )( − )
,xx

x

x

y
2 2

1
2 2

2
2 2

(118)

H ω
U ω

F

ωC

m ω ω ω ω
( ) =

( )
=

i

( − )( − )
,xy

x

y 1
2 2

2
2 2 (119)

H ω
U ω

F

ωC

m ω ω ω ω
( ) =

( )
=

−i

( − )( − )
,yx

y

x 1
2 2

2
2 2

(120)

H ω
U ω

F

ω ω

m ω ω ω ω
( ) =

( )
=

−

( − )( − )
.yy

y

y

x
2 2

1
2 2

2
2 2

(121)

These FRFs constitute the receptance matrix H ω( ), which
satisfies

U H Fω ω( ) = ( ) . (122)

The receptance matrix represents the frequency response
model of the system. As previously noted, the direct FRFs
H ω( )xx and H ω( )yy , corresponding to the principal diagonal,
are real, while the cross FRFs H ω( )xy and H ω( )yx are purely
imaginary. Furthermore, the cross FRFs have equal magni-
tude but opposite signs, i.e., H ω H ω( ) = − ( )yx xy . Therefore,
Maxwell's reciprocity principle is not satisfied, suggesting
that there exists energy transfer between modes. This differs
from systems with viscous damping, in which both the direct
and cross FRFs are complex, and the cross FRFs share both
magnitude and sign. In such systems, the receptance matrix
is symmetric because the damping matrix is also symmetric
[30], whereas in the present system, due to the mechanical‐
electrical‐magnetic coupling matrix E, the damping matrix is
not symmetric.

To conclude this section, the following properties are stated,
which can also be deduced from the displacement amplitude
expressions (116) and (117):

Although Equation (114) has a form similar to that of systems
with viscous damping, the skew‐symmetric nature of the cou-
pling matrix E implies that the system is undamped, as the
associated one performs no work. Therefore, the resonance
frequencies coincide with the natural frequencies studied in
Section 3.2.1, and the response tends to infinity at resonance.
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In the absence of a magnetic field, i.e., for C = 0, the response
amplitudes correspond to the uncoupled case,

U ω
F

m ω ω
U ω

F

m ω ω
( ) =

( − )
, ( ) =

( − )
.x

x

x
y

y

y
2 2 2 2 (123)

In both the uncoupled and the coupled cases, when the ex-
citation frequency tends to zero, →ω 0, the amplitudes corre-
spond to the static case,

U
F

k
U

F

k
= , = .x

x

x
y

y

y
(124)

When the excitation frequency tends to infinity, → ∞ω , the
displacement amplitudes tend to zero.

5.2 | Frequency Response in the State Space

The equation in the state space of the system subjected to the
harmonic force is

Az ̇ Bz ft t t( ) + ( ) = ˆ ( ), (125)

where


f

f
t

t

0
ˆ ( ) =

( )
. (126)

The zero vector in this equation has the same length as f t( ).
The harmonic response is obtained from the Fourier transform
of Equation (125),

A B Z Fiω ω( + ) ( ) = ˆ , (127)

where F̂ represents the amplitude vector of the state forces, and
Z ω( ) is the complex amplitude vector of the state variables
depending on ω. The main advantage of this formulation is that,
due to the orthogonality properties, the response can be
obtained by modal superposition. To this end, the same pro-
cedure as in the free vibration analysis must be followed. That
is, the change of variables to modal coordinates, as Equation
(96), must be applied,

A B Z Q Fiω ω( + ) ( ) = ˆ ,R (128)

where Q ω( ) is the modal contribution vector depending on ω.
This equation is then multiplied on the left by the transpose of
the left eigenvector matrix ZL

T,

Z A B Z Q Z Fiω ω( + ) ( ) = ˆ .L
T

R L
T (129)

According to the orthogonality properties established in
Section 3.3.2, see Equations (67)–(69), Equation (129) becomes
diagonal, and the modal contribution for each i‐th mode can be
obtained from

Q Z Fiϕ ω ω ω[diag( ( − ))] ( ) = ˆ ,i i L
T (130)

yielding

z F
Q ω

ϕ ω ω
( ) = i

ˆ

( − )
.i

i

i i

L,
T

(131)

Finally, the amplitude vector Z ω( ) can be expressed as

Z Z Z Fω ϕ ω ω( ) = i [diag( ( − ))] ˆ .i iR
−1

L
T (132)

For the particular problem of the charged mass considered in
this study, if the eigenvectors have not been normalized in any
specific way and take the form of Equations (57) and (59), the
modal parameters ϕi result in

ϕ ϕ

ϕ ϕ ϕ ϕ

= , = ,

=− , = − .

mα ω ω

C

mβ ω ω

C1
2i ( − )

2
2i ( − )

3 1 4 2

2
2

1
2

2
2

1
2

(133)

Then, the amplitudes U ω( )x and U ω( )y obtained by modal
superposition are











U ω
C

m ω ω

ω F αωF

α ω ω

βω F ωF

ω ω
( ) =

( − )

+ i

( − )
+

− i

( − )
,x

x y x y

2
2

1
2

1

1
2 2

2

2
2 2

(134)










U
C

m ω ω

ωF αω F

ω ω

βωF ω F

β ω ω
=

( − )

−i +

( − )
+
i +

( − )
.y

x y x y

2
2

1
2

1

1
2 2

2

2
2 2

(135)

Thanks to the state‐space formulation, the amplitudes have been
decomposed into the contribution of each mode. Similarly, the
four FRFs can be decomposed into modal contributions, yielding











H ω
C

m ω ω

ω

α ω ω

βω

ω ω
( ) =

( − ) ( − )
+

−
,xx

2
2

1
2

1

1
2 2

2

2
2 2

(136)











H ω H ω
ωC

m ω ω

ω ω ω ω

( ) =− ( ) =
−i

( − )

−1

−
+

1

−
,

xy yx
2
2

1
2

1
2 2

2
2 2

(137)











H ω
C

m ω ω

αω

ω ω

ω

β ω ω
( ) =

( − ) −
+

( − )
.yy

2
2

1
2

1

1
2 2

2

2
2 2

(138)

These expressions yield the same results as those obtained using
the direct method in the configuration‐space coordinates pre-
sented in the previous section. However, the modal approach
offers the additional advantage of separating the total response
into the individual contributions of each mode.

6 | Numerical Application

In this section, a numerical example is presented to illustrate
some of the properties analyzed throughout the paper. For this
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example, unit values are assigned to the parameters m, kx, and
to the product q B× ; that is, m = 1 kg, k = 1 N/mx , and
C qB m= / = 1 rad/s. To obtain two angular frequencies related
by an integer ratio, the value k = 6.945 N/my is selected. First,
the natural frequencies and eigenvectors are computed. Then, a
case of free vibrations is analyzed, examining the time response,
its decomposition into modal contributions, and the energy
transfer between the system degrees of freedom. Finally, the
frequency response to a harmonic excitation is studied, with
emphasis on its modal decomposition.

6.1 | Eigensolutions

The uncoupled angular natural frequencies are ω = 1 rad/sx

and ω = 2.549 rad/sy , while the coupled frequencies are
ω = 0.922 rad/s1 and ω = 2.765 rad/s2 . As expected, the lower
frequency decreases and the higher one increases due to the
coupling. The corresponding periods are T = 6.817 s1 and
T = 2.272 s2 , and since T T= 31 2, the period of the resulting
motion is T1. The coefficients α and β of the eigenvectors
are α = 0.163 and β = 0.416, respectively. This confirms the
previously established inequality β α> .

6.2 | Free Vibration

In this free vibration example, the time response, its decom-
position into modal contributions, and the energy transfer
between the system degrees of freedom are analyzed. Let us
consider the following initial conditions: x = 00 , y = 1 mm0 ,
x ẏ = ̇ = 00 0 . Either from Equation (95) or by (112), the response
can be decomposed into the contribution of each mode,
u u ut t t( ) = ( ) + ( )1 2 , that is























u t
x t

y t

x t

y t

x t

y t
( ) =

( )

( )
=

( )

( )
+

( )

( )
,

1

1

2

2

(139)

where x t( )1 and y t( )1 correspond to the horizontal and vertical
motions associated with the angular frequency ω1, and x t( )2 and
y t( )2 to those associated with ω2. Figure 4 shows the responses
x t( ) and y t( ), along with the individual contributions of each
mode, over a time interval of T T= 31 2. Specifically, Figure 4A
represents the total response x t( ) and its decomposition into

x t( )1 and x t( )2 , and Figure 4B represents the total response y t( )

and its decomposition into y t( )1 and y t( )2 .

Taking the initial conditions into account, the motion of the
uncoupled system without mechanical‐electrical‐magnetic
interaction would occur exclusively along the vertical axis, fol-
lowing a harmonic motion of angular frequency ωy. In that case,
only the second mode would be excited. However, due to cou-
pling, mode 1 is also excited, and the vertical motion results
from the superposition of both modes, with frequencies ω1 and
ω2.

Figure 4B indicates that the dominant contribution to the ver-
tical displacement y t( ) is provided by mode 2. It is worth noting
that at t = 0, the initial position is not exclusively determined
by the second mode, as would be expected in the uncoupled
case. This is because, as previously discussed, the system lacks
classical normal modes, and the modes cannot be excited
independently. As a result, the initial displacement y = 1 mm0

corresponds to 0.17 mm of mode 1 and to 0.83 mm of mode 2.

Mode coupling also affects the horizontal motion. Although the
initial condition has no horizontal component, the velocity in
the y direction generates a Lorentz force in the x direction, as
shown in the free‐body diagram in Figure 1B. Consequently, the
horizontal and vertical motions are coupled, as illustrated by
the x t( ) curve in Figure 4A. This horizontal response is the
result of both modes, and as expected, the primary contribution
is from the first mode.

This behavior exemplifies a fundamental consequence of the
skew‐symmetric electromagnetic coupling: modal responses
become inseparable, and even initial conditions aligned with a
single degree of freedom result in the excitation of both modes.
The non‐orthogonal nature of the eigenvectors implies that
modal contributions are inherently entangled in both amplitude
and phase. In particular, the imaginary parts of the mode
shapes introduce fixed phase differences between the co-
ordinates, which govern the motion. Although the system
remains linear and conservative, the presence of non‐normal
modes gives rise to a qualitatively different vibrational behavior
compared to classical self‐adjoint systems.

This mode coupling can also be visualized using Lissajous
curves, shown in Figure 5. These curves represent the in‐plane

FIGURE 4 | Total response and decomposition into modes 1 and 2 of the free‐vibration response of the charged mass under an applied magnetic

field: (A) x t( ), x t( )1 , and x t( )2 ; (B) y t( ), y t( )1 , and y t( )2 .
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motion of the charged mass: the horizontal displacement x t( ) is
plotted on the x‐axis, and the vertical displacement y t( ) on the
y‐axis. The total motion is shown in Figure 5A, while the
individual contributions of the modes 1 and 2 are shown in
Figure 5B,C, respectively. The dot indicates the initial position.
An animation of these curves is provided in Video S1
(Supporting Information).

The Lissajous curve in Figure 5A represents the trajectory
described by the charged particle in the x t( )–y t( ) plane. The
closed and symmetric shape indicates that the motion is
bounded and periodic, consistent with the stable and conserv-
ative nature of the system. This curve corresponds to the case

T T= 31 2, resulting in a regular pattern with two lateral lobes
and a sharp vertical cusp.

Lissajous curves in Figure 5B,C display the individual contri-
bution of modes 1 and 2, respectively. Figure 5B shows a hor-
izontally elongated elliptical orbit, highlighting a dominant
mode 1 in the x‐direction. In contrast, Figure 5C presents a
vertically oriented ellipse, where the amplitude is dominated by
mode 2 in the y‐direction.

It should be remarked the effect of mode coupling at the initial
instant, as indicated by the red dots: the initial position
y = 1 mm0 in Figure 5A is decomposed into 0.17mm for mode
1 (Figure 5B) and 0.83mm for mode 2 (Figure 5C), as previously
mentioned. From this instant onward, each oscillator follows a
smooth, harmonic path, and the coupling introduces a fixed
phase shift and continuous energy exchange, which are
reflected in the geometric features of the combined trajectory.
These effects are further illustrated in Figure 6.

Figure 6 illustrates the evolution of the system energy over time.
Specifically, Figure 6A shows the kinetic energy E t( )k , the
potential energy E t( )p , and the mechanical energy E t( )m (i.e.,
the sum of kinetic and potential energies) associated with
the degree of freedom x t( ), while Figure 6B displays the cor-
responding energies for y t( ). Due to the quadratic nature of the
energy functions, the period of the energy functions is half that
of the displacement, namely, T /21 or T3 /22 . The total energy of
the system is given by the yellow straight line, which corre-
sponds to the potential energy initially stored in the vertical
spring, E k y= 0.5 = 3.41 μJytot 0

2 .

Figure 6A shows that the energy associated with x t( ) is zero at
the initial time, since the body starts from rest at position y0.
However, as time progresses, energy transfer occurs due to the
coupling, leading to an increase in the mechanical energy of
x t( ), which splits into kinetic and potential components. This
energy originates from the motion of y t( ), whose initial
mechanical energy is the total energy of the system, as shown in
Figure 6B. As time evolves, this energy undergoes an exchange
between kinetic and potential forms and also transfers part of
its energy to x t( ). The energy transferred between degrees of
freedom up to an instant t is annotated in Figure 6A,B with
E t( )trans , i.e., the mechanical energy of x t( ), or the difference

FIGURE 5 | Lissajous curves for the displacements x t( ) and y t( ):

(A) total response x t y t( ) − ( ); (B) mode 1: x t y t( ) − ( )1 1 and (C) mode

2: x t y t( ) − ( )2 2 .

FIGURE 6 | Kinetic, potential, and mechanical energy of the system: (A) energy associated with the degree of freedom x t( ); (B) energy associated

with the degree of freedom y t( ).

14 International Journal of Mechanical System Dynamics, 2025
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between the total energy of the system and the mechanical
energy of y t( ).

This energy transfer is driven by the Lorentz forces depicted in
the free‐body diagram of Figure 1B. The power associated with
the Lorentz force in the x‐direction is x t qBy ṫ ( ) ̇( ), while the
power in the y‐direction is y t qBx t− ̇( ) ̇ ( ). The fact that these
powers have the same magnitude but opposite signs indicates
that the energy lost by one degree of freedom is gained by the
other. In other words, the net power is zero, and, as stated
throughout this article, the system remains conservative. That
is, the work done by the forces associated with the skew‐
symmetric coupling matrix E is zero.

Finally, the energy transferred between degrees of freedom up to
any instant t is obtained from the integral of power as follows:

E t qB x τ y τ τ( ) = ̇ ( ) ̇( )d .
t

trans
0

(140)

This result matches the transferred energies annotated in Fig-
ure 6A,B. As conclusion, these results highlight the fundamental
role of skew‐symmetric coupling in the system energy: energy
exchange is reversible, ensuring conservation while enabling
dynamic coupling between modes. This mechanism underpins
the non‐orthogonal modal behavior observed in Figure 5 and
distinguishes the system from classical modal frameworks.

6.3 | Frequency Response

In this numerical example, the frequency response to a harmonic
excitation is studied, with emphasis on its modal decomposition.
Let us consider the particular case of applying a unit force in the
x direction, F = 1 Nx , and zero force in the y direction, F = 0y . In
this case, the amplitudes U ω( )x and U ω( )y are equivalent to the
frequency response functions (FRFs) H ω( )xx and H ω( )yx ,
respectively. The magnitude and phase of these functions are
shown in Figure 7 as a function of the angular frequency ω for
both the uncoupled and coupled cases. The FRFs obtained by
the direct method are given by Equations (118) and (120),
while those decomposed by modal superposition are given by

Equations (136) and (137), respectively. The frequency range
analyzed extends from zero to twice the second resonance fre-
quency, ω2 = 5.53 rad/s2 . Since the system is undamped, the
response tends to infinity at the resonance frequencies. There-
fore, the vertical axis in Figure 7 is limited to 100m/N, although
this value is not realistic, as any physical system would include
damping, resulting in a finite response.

These figures show that in the uncoupled case, the direct re-
ceptance H ω( )xx in Figure 7A exhibits a resonance peak at
ω = 1 rad/sx , while the cross receptance H ω( )yx is, as expected,
zero, and thus is not shown in Figure 7B. When coupling is
present, the resonance peak splits into two, corresponding to the
eigenvalues ω = 0.922 rad/s1 and ω = 2.765 rad/s2 , previously
determined in Section 6.1. It can be observed that, near each
resonance, the magnitude curves of the individual modes coin-
cide with the total response curve, indicating that the response is
dominated by the corresponding mode in the vicinity of each
resonance. In addition, an anti‐resonance can be identified in
H ω( )xx at ω = 2.587 rad/sy , which is typical of a direct FRF.

Regarding the phase curves of the receptance functions, the phase
of H ω( )xx starts at 0° and alternates between 0° and 180° three
times: once at each resonance frequency and once at the anti‐
resonance. In contrast, the phase of each individual modal con-
tribution transitions from 0° to 180° at its corresponding resonance
frequency. On the other hand, the phase of the cross receptance
H ω( )yx starts at−90° and alternates between −90° and 90° at the
resonance frequencies. The phase of the contribution of mode 1
begins at −90°, while that of mode 2 begins at 90°, and each
changes sign at its corresponding resonance. In all cases, due to
modal coupling, the vibrations in the x and y directions exhibit a
90° phase difference. The anti‐resonance and 90° phase shift in the
cross responses underscore the nontrivial modal interactions
induced by the coupling, despite the system being linear and
conservative. The cross receptance aligns with the fixed phase
relationship observed in the time‐domain trajectories (Figure 5).

7 | Conclusions

In this paper, the mode coupling arising in a two‐degree‐of‐
freedom system with an electrostatically charged mass,

FIGURE 7 | Magnitude and phase of the FRFs obtained by the direct method and by modal superposition: (A) direct receptance H ω( )xx and

(B) cross receptance H ω( )yx .
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resulting from the interaction between mechanical and electro-
magnetic fields, has been thoroughly analyzed. This study pres-
ents a minimal yet representative model of electromagnetic‐
mechanical coupling via a skew‐symmetric matrix, capturing the
essential dynamics in an analytically transparent manner. Its
novelty lies in combining conceptual clarity with methodological
completeness: the formulation isolates the effects of velocity‐
dependent conservative coupling—typically embedded in more
elaborate systems—and explains their impact on modal behavior.
The dual analysis in the configuration space and in the state
space provides complementary perspectives and allows for both
physical interpretation and formal modal decomposition.

The effects of this coupling on the eigenvalues and eigenvectors,
the free vibration response, and the frequency response have
been examined in detail, both in the configuration‐space and in
the state‐space formulation. The most relevant conclusions are
summarized below.

Eigenvalues and eigenvectors
• The eigenvalues of the coupled system are real. Compared

to the uncoupled case, the smallest eigenvalue decreases,
while the largest one increases.

• In the configuration space, the right and left eigenvectors
form complex conjugate pairs. Their orthogonality proper-
ties are not straightforward, which prevents the application
of classical modal superposition.

• In the state space, the size and number of eigenvectors are
doubled, and they also appear as complex conjugate pairs. The
left eigenvectors of the system B A( , ) are the right eigenvec-
tors of the system B A( , )T . The first two components of the
eigenvectors correspond to those in the configuration space.

Free vibration
• In the configuration space, the response is given by the

superposition of undamped vibrations with angular fre-
quencies determined by the eigenvalues. This response
cannot be directly built from the eigenvectors and cannot
be interpreted as a superposition of independent motions,
since the system lacks normal modes.

• In the state space, the response can be constructed as the
superposition of the eigenvectors weighted by their partic-
ipation factors, through the use of orthogonality properties,
although the eigenvectors correspond to “fictitious” modes.

• The numerical application has shown that the modes can-
not be independently excited, since the eigenvectors are not
orthogonal between them.

Frequency response
• In the configuration‐space form, the number of variables

and the size of the receptance matrix are smaller than in the
state‐space formulation, but this approach does not provide
information about the contribution of each mode.

• The receptance matrix is not symmetric, suggesting energy
transfer between modes.

• The numerical example has demonstrated the splitting of
the single resonance peak of the uncoupled system into two
distinct resonance peaks.

In summary, beyond its conceptual and methodological con-
tributions, the presented analysis offers a useful reference for
physical systems where nonsymmetric conservative coupling
arises due to electromagnetic interactions. These include, for
instance, magnetically suspended devices, vibration isolation
systems, or energy harvesting structures with contactless actu-
ation. Although intentionally simplified, the model captures
essential dynamic phenomena—such as modal energy ex-
change and non‐orthogonal behavior—that appear in more
elaborate designs. As such, it provides a theoretical framework
that may inform both analytical studies and control‐oriented
developments in electromechanical systems.
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